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Let D be a simply connected domain of three-dimensional Euclidean space E;
of points (x,,x,t), bounded by two surfaces t = |x|, t = r — |z|, where |z|?> =
22 + 2%, r = const > 0, situated in the half-space x, < 0, and by the plane
xy = 0; let Sy, Sy, and Sy be the parts of the surfaces ¢t = |z|, t = r — |2|, and
x4 = 0, respectively, forming the boundary 0D of the domain D.

In the domain D consider the equation

Lu=y , Ay, — Uy + aiuxi +bu, +cu=f (1)

with coefficients o’ = a'(z,t),i = 1,2, b = b(x,t), ¢ = c(x,t) of class C*(D) and
right-hand side f = f(z,t) from the space Ly(D). Here and below, repetition
of the index ¢ denotes summation over it from 1 to 2.

Equation (1), by the change of dependent variable according to the formula
u = uy exp(pt), where p = const > 0, can be transformed into an equation
(with respect to u;) with the coefficient at u; everywhere in the closure D less
than any prescribed negative number. Therefore, without loss of generality, we
shall assume that

c < —max|al, + b (2)
D 7

The analogues of the (mixed) Darboux problem (1) are the following two prob-
lems.

Problem B. Find a solution wu(z,t) of equation (1) satisfying the boundary
conditions
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Problem B*. Find a solution v(z,t) of the equation

Ltz =v +v — Uy — (aiv)xi — (bv)y +cv=f, (14)

Ty Ty

satisfying the boundary conditions

v‘slzo, v’sgzO.

These problems for the two-dimensional wave equation were first formulated
by A. V. Bitsadze (?). They are exceptional cases of a problem studied by
S. L. Sobolev (3) for the multidimensional wave equation, when the data are

prescribed on a time-like oriented conical surface.

Introduce into consideration the Hermitian bilinear form

(u,v), = /[aVqu +2(b = Bugv, + +a'u, v, + a'v, u, + wv] dz dt, (3)
D

where V = (0/0x,,0/0z,,0/0t), and e and § are arbitrary positive numbers,

satisfying the inequality

a > max [max (1 +1b—B8l+Ib— B2+ \a|2> , mgx‘&’, max |al?, max
D D lel” D D

Since all roots (characteristic numbers) of the characteristic equation

(= X) [(a=X)?+2(b—p)(a—A) —|a]] =0,

corresponding to the quadratic form

ol +2(b— B)&5 + 2d°¢,&5,  (x,t) €D, £ € By,

are positive by virtue of (14), it follows that

(u,u), >0, (w,u), =0<=u=0. (5)

Consequently, for the form (3) all the axioms of an inner product are satisfied.

We shall adopt the following notation:
E

ws (D) is the positive Sobolev space with norm | - |, and inner product (-,-);,

wy(D) = Ly(D).

i
¢ —a'zp —by

—aigt —
c—az; —b
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H__ is the Hilbert space of functions summable in the domain D, having gener-
alized derivatives up to first order with finite norm defined by the inner product
(3): JJu|> = (u,u),; the completeness of the space H follows from the estimate
Jull, < constlul ,; evidently, [uly < Jul,.

H_ is the negative (Hilbert) space constructed from the zero space Hy = Ly (D)
and the positive space H_, i.e. the completion of the space H, in the norm

(0, u)o]
lel - = sup & <Jelo-
ueH, ||u||+

wy t(D) is the negative Sobolev space constructed from H,, and w3 (D).

(p,u)q, where w € H_, is a bilinear form on the space H_, which for ¢ € H,
coincides with the inner product (¢, u), in H,. It is known (see, for example,
(%)) that for this form the generalized Schwarz inequality holds:

(s uol <l -lluly- (6)

w and w' are the sets of all functions of the class C'(D)NC?(D)Nwi(D)Nwi(dD)
for which Lu € H and the conditions B and BT, respectively, are satisfied.

A weak solution of problem B will be called any function u € Ly (D) satisfying
the equality

(u, LTv)g = (f,v)g, VveEwT. (7)

Below we shall assume that the right-hand side f belongs to the space H_ D
Ly(D).

A priori estimate. For any functions u € w and v € w*, the inequalities

luly < CllLulg, ol < CILT0]o,  (8)

hold, where C' is a positive constant independent of v and v.

Indeed, for any function u € w and d = d(t) of class C*(D) the identity

2(duy, Lyu)y = / [dt|Vu|2 + 2dbuf + 2da‘u, u, — (dc)tUQ] dx dt
D

(9)
Jr/ den3u? dS Jr/ d <—|Vu|2n3 + 2niu$iut> dS =1, + I, + I,
oD oD

holds, where n’ = cos (?xl), i=1,2,n3=cos (n/,\t) are the direction cosines of
the exterior normal n = (n',n%,n3) to D; dS is the surface element of dD.
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Let d = exp(at). Then, by virtue of (2) and the inequality n® < 0 on S, it is
clear that I, > 0. Since on the surface Sy, n = (0,1, 0), on the basis of condition
(B) one may write

I, = / d (—|Vul>n® + 2niu, u,) dS = I;(S,) + I5(S,).
S,USy

On the characteristic Sy of equation (1) we have

Consequently, on S,
—|Vul*n® + 2n*u, u, = nu, [(n')? + (n?)* — (n?)?] =0,

therefore I5(S,) = 0 for any function d.

Further, taking into account that on the characteristic S;: /(n!)? + (n2)? =
—n3, all roots of the characteristic equation

A +n3) (A +2n3) =0,

corresponding to the quadratic form

7n3‘€|2 + Qni€i€37 (:L'at) € Sla 5 S E37

are nonnegative, we obtain I5(S;) > 0, Vd > 0.

From (9), taking into account that d, = ad and

2(duy, Lu)y < 26|V du,|§ + Cy || Lul3,

where C] is a positive constant independent of u, we have

/ d [oz|Vu|2 +2(b— B)u? + Qaiuwiut] dz dt — /(dc)tu2 dz dt < Cy||Lul3.
D D
Hence, from inequalities (2) and (4), we obtain the first a priori estimate in (8).

The second a priori estimate in (8) is proved in a completely analogous way, if,
as the auxiliary function d, one takes the function d = — exp(—at).

It is easy to see that, for the above-indicated values of «, the norms | - | and
| - [|l; are equivalent; therefore, from inequality (9) follow the a priori estimates
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luly < ClLulo, oIy < CIL ], Yuew, vew'.  (10)

Inequalities (10) generalize the a priori estimate

Hu% ”0 < CHDUHW Vu € w,

where O = 0%/0x% + 02 /0x3 — 9% /0t? is the Lorentz operator, obtained by A.
V. Bitsadze (?).

By integration by parts one can show that

(u, LTv)y = (Lu,v)g, Yu € w, vew,

therefore the problems B and B* are (formally) adjoint.

From the a priori estimate (10) follows the uniqueness of a regular (classical)
solution u € w or v € w" of the problems B and B*. For L = O this fact was
first established in (?).

The proof of existence of a weak solution of problem B is carried out according
to the standard scheme, which we reproduce for ease of reading. According to
the a priori estimates (8), the expression (f,v), from (7) depends not on v, but
on LT v, and therefore one may put (f,v), = F(LTv), where F is a single-valued
and additive functional on the linear set L™ (w™), where LT (w") is the image of
w’ under the mapping v — LT v. Further, on the basis of (6) and (8), we have

[E(LT0)| = [{f,0)ol < [fI-lvl+ < CIFAI-ILT 0o,

i.e., for fixed f the functional F(¢), v» = L*tv, on LT (w") is continuous. Ex-
tending F'(¢), by the well-known Hahn—Banach theorem, to the whole space
L,(D) and using the Riesz theorem, we find the desired function u: F(y) =
(u, 1), Vb € Ly(D), and, in particular, for ¢ = Ltv,

(u, L+U)O = F(L+U) = <f,U>0-

The energy inequalities (10) ensure the existence of a weak solution for any
right-hand side f from wy (D). If, however, f € Lo(D), then, as is known (see,
for example, (1)), they also guarantee the existence of a semistrong solution. We
also note that a priori estimates of the form (10) hold if the condition u[,, =0

is replaced by the condition u,_|,, = 0.
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