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Abstract

Full Text

UDC 519.24
MATHEMATICS

A. A. TEMPEL’ MAN

ON LINEAR ESTIMATES OF REGRESSION

(Presented by Academician Yu. V. Linnik on 19 VIII 1969)

The note is devoted to estimation, from observed realizations of a random func-
tion, of the unknown “regression coeflicients” entering the expression for its
mathematical expectation. In § 1 the connection is studied between Hilbert
spaces generated by the random function and its extended correlation kernel.
In §§ 2 and 3 the structure of regression estimates, their convergence and con-
sistency are studied. In § 4 these results are applied to the study of regression
estimates constructed by the method of least squares.

1. Let £(t), t € T, be a real random function (r.f.) on a probability space
(Q, B, P) with mathematical expectation Mp&(t) = m(t) and finite corre-
lation kernel

R(s,t) = Mp(&§(s) —m(s))(&(t) —m(t));

H (&) = Hp(&) is the Hilbert space of real random variables (r.v.” s) with
scalar product (1, () = Mpn(, generated by the r.v.’ s £(¢), t € T; H(R) is
the Hilbert space with reproducing kernel R(s,t) (see (1~%%)); the scalar
product in H(R) will be denoted by (f, g) y(r)-

Lemma 1. The condition m(t) € H(R) is necessary and sufficient for H(&) to
contain no nonzero nonrandom scalars.

If m(t) € H(R), then in H () one can introduce a new scalar product

(7, Q)" = Mp(n— Mn)(¢ — M();

H () with this scalar product will be denoted by H*(£). We shall say that
the mapping of H(R) onto H (&) is canonical if, for every ¢, € T, the function
R(s,ty) corresponds to the r.v. &(t,) € H(E). It is known that between H(R)
and H*(£) there exists a unique canonical isometry ¢; for any ¢ € H(R) we
denote

i) =€), ()1 R)-

Let m ¢ H(R) and
m(t) = ¥(t) + I(t),
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where ¢ € H(R) and ¢ ¢ H(R). Consider the extended kernel

~

R(s,t) = R(s,t) + 0(s,t),
where 6(s,t) = 9¥(s)¥(t). We have
H(R)=H(R)® H(0).

Denote

obviously,
MP%@) = w(t% Mpfﬁ(t) = ?9(’5)'
Let Py be a measure on B such that the Py-distribution of the r.f. £(¢) coincides

with the P-distribution of the r.f. £,(t); H*(€) is the space H (&) with the new
scalar product

(n,Q)" = Mp(n—Mn)(¢ — M¢) + Mp nMp (.
It is not difficult to verify that

H*(§) = H*(§,) ® B,

where E! is the space of scalars. Let Hg(R> be the projector in H(R) onto the

~

subspace Q; for any function ¢ € H(R) put

H(R H(R
<£7 SD>H(§) - <§¢’HHER;<P>H(R) + <r‘9(t)a HHEG))S0>H(9)' (1)

Lemma 2. The correspondence

@ (&, ‘P>H(§)

~

is a canonical isometry between H(R) and H*(§), under which H(R) corresponds
to H(,) and H(0) corresponds to E'.

Lemma 3. For any function ¢ € H(T%/) we have

Mp(&, <P>H(§) = (m, 90>H(§)'

* By kernels we mean nonnegative definite functions.
** The meaning of this symbol is discussed in (38).

2. Suppose now that the correlation function R(s,t) is known, while the math-
ematical expectation

m(t) = z”: a;p;(t),
i=1
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where n < oo and ,(t), i = 1,...,n, are known linearly independent functions,
and a; are unknown constants that must be estimated from the observed re-
alization of the random function £(¢); in other words, it is known only that
m(t) € M, an n-dimensional linear space spanned by the functions ¢, ..., ¢,

Let B(£) be the smallest o-algebra of events with respect to which all random
variables {(t), t € T, are measurable; Pp ), the family of all probability mea-
sures P on B(£) with respect to which the correlation kernel of the random
function £(t) is R(s,t) and Mp&(t) = m(t) € M; Gy the family of all prob-
ability measures P on B(£) with respect to which the correlation kernel of the
random function &(t) is R(s,t) and Mp€(t) = m(t) € M; G 5 the family of all
measures from P », with respect to which the random function {(t) is Gaussian,
and 7 an arbitrary family of measures from P ,;. A random function 7m(t)
is called the uniformly, with respect to P, best unbiased regression estimate
(P-u.b.ur.e.) from the realization £(¢) on T if:

1) m(t) € B(&) for every t € T}
2) Mpm(t) = Mp&(t), if P € P;

3) Dpm(t) < Dpn(t) for all ¢ € T, P € P, and all random functions n(t)
with properties 1) and 2).

If here we replace property 1) by property 1’) m(t) € Hp(§) for every t € T,
for every measure P € P, then we obtain the definition of the uniformly best
unbiased linear regression estimate (P-u.b.u.lr.e.). Estimates with properties
1”) and 2) are called unbiased linear regression estimates (P-u.l.r.e.).

Consider the linear space H = H(R) + M (the linear sum of the spaces H(R)
and M) and introduce in it a scalar product which coincides with (g, 1) H(R)
if o9 € H(R). Put M, = H(R)N M, My = H© H(R). Let ty,...,1; and
Uy, ..., ¥, be orthonormal bases in M,, and M. In view of the decomposition
M = M, & M, we have for m(t) the representation

l

k
m(t) = Z b (t) + Z ¢9;(t), (2)

=1 =1

where b; and ¢; are unknown constants and k +{ = n. Denote:

l
0(s,t) = Z 9,(s)0,(t);  R(s,t) = R(s,t) + (s, t);
k 1
§o(t) =E()—m(t);  &u(t) = €o(t)+Z bihi(t);  &(t) = éo(t>+Zcﬂz<t)
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It is casy to see that My = H(#), H = H(R) = H(R)® H(0) and M = H(’Eﬁ),
where

~ H(R)~<
RJ\I}(S,%) = HM( >R(s,t0)

~

for every t, € T. For any function ¢ € H(R) denote:

HR H(R HE
(&0 i = €0 Wi @) riry+(ms @) gy = Eo Wini @) rrcmy+ (0, i) ) o)

For [ =1, ¢; =1, the mapping

o — (&) H(R)
coincides with the canonical isometry (1). For [ > 1 it is also canonical, but

not one-to-one, since the I-dimensional space H () goes into the subspace E'.
However, Lemma 3 remains valid in this case as well.

Theorem 1. The random function

() = (66 IOV, 0)

isa Gp prubaure and a Pp p-ubulre. It can be represented in the form
n
mR,M(t) = Z a;p;(t)
i=1

or

K2

k !
mpa(t) = Z bih; (1) + ) ¢9,;(¢),
im1 -1

where

Bi = <€7¢i>H(§) = <§¢7¢i>H(R)a =1,k

¢ = <€7191'>H(§) = (m, 791‘>H(§) =c, =110

and the coefficients a, satisfy the system of equations;
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n

Z<S@ia@j>H(R)aj = (¢, %>H(R)7 i=1,...,m

=1

Db;>0 fori=1,...k; D& =0 fori=1,..,0"

This theorem generalizes a well-known result of Ya. Gaek (?) and E. Parzen (%),
who considered the case where all ¢, € H(R).

A Pp ynlre. n(t) will be called simple if, for any measure P € Pp, )/, with
P-probability 1,

with P-probability 1,
n(t) = Zm%(t),
i—1

where n;, € Hp(§), ¢; € M; obviously, if
n
Mpg(t) = Z a;p;(t),
i1

then Mpn, = a;, i.e. n; are unbiased estimates of the coefficients a,. We shall say
that a P py-n.lr.e. n(t) is determined by the kernel B if, for all P € Py ,,,
with P-probability 1,

n(t) = mB,M(t)
(Pp prnnlre.)
Theorem 2. Pp jnlr.e. is simple if and only if it is determined by some
kernel.

3. We shall now determine which kernels determine #p 5,-n.lr. estimates and
what are the conditions for convergence and consistency of identical (defined by
one and the same kernel) simple n.l.r.e. as the volume of observations increases.

Let A be a directed set; T =J__, T, = T,,, where T,,,a € A, is an increasing
generalized sequence of sets: T, C T, if a; < ag; £%(t), R%(s,t), m®(t) are
the restrictions to the set T, of the functions £(¢), R(s,t), m(t); M* = {p :

o(t) = m*(t), m(t) € M}. Denote by

Mg (1)
the P ga po-r.n.p.lr.e. for the realization {(t), t € T,,.

A sequence of P gaopsa-nlr.e. 1, (t) for the realization £(¢t) on T, will be called
P g m-consistent if, for any measure P € Pp ), there exists the limit in
quadratic mean (P)

Lim.n,(t) = Mp&(t)

acA

with P-probability 1.
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Let R(s,t) and B(s,t) be two kernels on T'. We shall say that the kernel R(s,t)
is majorized by the kernel B(s,t) (R <] B) if B(s,t) — R(s,t) is a kernel; the
kernel R(s,t) is dominated by the kernel B(s,t) (R <« B) if

R(t,t) = Aling A(t, 1),
R

where

UB={A: AR, A<k,\B}
is a directed set of kernels (with respect to the order relation <J).

Theorem 3. The condition R <]kB (for some k > 0) is necessary and sufficient
in order that, for any finite-dimensional space M and for any increasing sequence
of sets T,,,a € A (UaeA T,=T,. = T), each of the following assertions be
valid:

1) the estimates Mm% ,/(t) are Pga po-nlre. for the realization (t) on
T (o€ A);

2) if P € Pp y, then, for any ¢ € T, there exists the limit
(P)Lim.ng 5 () =mp p(t)
acA

with P-probability 1;
3) if M N H(B) = {0}, then the sequence Mm% )/ (t) is P g p-consistent;
4) if B < R and the sequence m /(t) is P g p-consistent, then MNH(B) =

{0}

* The expansion (2) in which b; and ¢, have these properties was obtained by Yu.
A. Rozanov (°) (this result was also independently obtained by A. V. Skorokhod
and the author of these lines, who reported on it at the seminar on the statistics
of random processes of I. G. Ignalin, June 1968).

** Estimates determined by kernels were introduced by Yu. A. Rozanov (°®)
under the name pseudo-best estimates.

A number of results in this direction have been obtained in works (°~7).

4. Let T, o € A, be an increasing sequence of measurable sets in E;

T=T, =|]T.

acA

p,; are measurable functions; B(s,t) = (¢t — s) is the Dirac function. The
estimates defined by this kernel coincide with the estimates of m(t) by the
method of least squares (1.s.). We shall give several corollaries of Theorem 3,
obtained by reformulating the conditions R/kd, § < R and M N H () = {0}.
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Corollary 1. Let £(t) be a continuous in the quadratic mean homogeneous
random field with bounded spectral density. Then

Lim. m%,,(t)=n t);
S () = g (1)

for the consistency of the sequence of l.s. estimates ﬁm?7M(t), it is sufficient that

/ p(t)[? dt = oo
T

for any function o € M, @ #+ 0; if the spectral density is positive almost
everywhere, this condition is also necessary (cf. (7), Theorem 1).

Now put T' = (a,b), —oco < a,b < 400, and let £(¢) be a continuous in the
quadratic mean Markov process in the broad sense; the correlation function of
such a process has the form

R(s,t) = o(s)o(t) min 7(t) /o (t),

where 7(t)/o(t) is a nondecreasing nonnegative function.

Corollary 2. If

t b
ai%Eb{'“@ / [r(s)] ds + r(t) / |o<s>|ds} < oo,

then the sequence of l.s. estimates m§ ,,(t) converges in the quadratic mean for
any finite-dimensional space M ; if, moreover,

b
/ lo(t)2 dt = oo

for all p € M, @ # 0, then this sequence is consistent.

Finally, consider the case of a discrete set of observations:
T={tty, ...}, To=A{ty,....t,}, a=12..,
where the ¢, are elements of an arbitrary set S. Let
R =R (t;, )7 =15

d is the identity matrix; again m§ ,, is the Ls. estimate.
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Corollary 3. In order that, for any finite-dimensional space M, the limit

Lim. m¢%
a—00 6, M

exist, it is necessary and sufficient that the sequence of norms of the matrices
R® be bounded; if, in addition,

Zjlw(ml2 =00

foro € M, ¢ # 0, then the sequence my§ ,, is consistent; if the matrices R are
nonsingular, this condition is necessary for the consistency of l.s. estimates.

The apparatus of operator reproducing kernels (see (%)) makes it possible, with-
out changing the formulations, automatically to transfer all that has been said
to vector-valued random functions and, in particular, to obtain estimates of re-
gression coefficients from several (dependent or independent) realizations of the
random function £(t).
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