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(Presented by Academician S. N. Bernstein on 6 XI 1968)
Let f(t) € Cy,; let T, (t; f) be the trigonometric polynomial of order < n least

deviating from f(¢) in the metric of the space C,;
EL(f) = max |f(t) =T, (& f)] (0 <t <2m);

let M7 (f) be the set of points ¢ € [0, 27) where

EL(f) = 1f(t) = T, (& )l

Put

ae(f) = L) Ma(h).
n=0

For f(z) € C[-1,1], E,(f) and M(f) are defined analogously.

In paper (!) M. I. Kadets formulated a theorem which is a generalization of
Theorem II (2), p. 88, of S. N. Bernstein, and from which it follows that the set
M(f) of any function f(x) € C[—1,1] is everywhere dense on [—1,1]. The aim
of the present note is to prove that the set M*(f) of any function f(t) € C,, is
everywhere dense on the interval [0, 27].

As noted in (1), the series

diverges, whence it follows that
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Lemma 1. If f(t) € Cy, and E;(f) = E;_(f) > E;(f) (p < r—1), then
the polynomial T} (¢) = T,(t; f) — T,.(t; f) has 27 simple zeros z; < 25 < - <
2y, € (0,27); the points {u; }?", of maximal deviation from zero of the difference
f(t) = T,(t; f) alternate with the zeros {2} of the polynomial T;(t).

Since Ej(f) = Ei_, (f), we have T, (t: f) = T, (# f).

For the proof of Lemma 1 it suffices to note that

and that E*_,(f) > EX(f).

Denote by W,,(h) the class of trigonometric polynomials T'(¢) of order n having
the following properties:

1) the polynomial T'(¢) has, in (0, 27), 2n simple zeros

21 < 2o < - < Zops

2)
Ogg%n HTH[zi,ziH] 2 hHT||[0,27r] (29 =0, 2901 =2m; 0<h <1).
Lemma 2. Let zy,2,,...,25, € (0,2m) be the zeros of a polynomial

T(t) € W, (h); let ty,ty,...,ty, € [0,27] be the zeros of its derivative T"(t); let
Y15 Yoy s Yo, € (0,27) be the zeros of a polynomial Q(t) € W, (h); and let
41, G2s - s Qo € [0,27] be the zeros of its derivative Q'(t). If T'(¢;) = Q(g;) for
i=0,1,...,7—1,j+1,....2n and T(t;) > Q(q;) > 0 (T(t;) < Q(g;) < 0), then

0<t; <q <ty <qy < <tj ;1 <qj1 <1 <tj <<

<tjpg <o < gy <ty <2m; (1)

0<m <y <2y <Yp <o <2 <Yy <Yjpq <Tjyq < oo

e < Yoy < Ty, < 2, (2)
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Y1 — T <Yg— Ty < ... < Y;— T

Ti1 = Yjr1 > Tjyo — Yjpa > oo > Loy — Yo (3)

As in the proof of Lemma 1 in (3), here one can also indicate the process of
passing from the polynomial T'(t) to the polynomial Q(¢), from which (1) and
(2) will follow.

Let us prove assertion (3). Suppose that, for some fixed i (1 < i < j), y; —
x; < Y;_1 — T;_1. By the condition of Lemma 2, on the interval [0,27) the
trigonometric polynomial

T(t)— QU+ (yu1 —7,4)) = F(t)

of order n must have at least ¢ zeros in the half-interval [0, z;), and at least
2n — i zeros in the interval (z;,2m); moreover, x, is a zero of F'(t). Since F(t)
can have < 2n zeros in the interval [0, 27), our supposition is false.

Denote by 7(t;4) (i = 0,1,...,2n) the trigonometric polynomial € W, (h) such

that
, —1)2"t forl=0,1,...,i—1
T(Tll;i) = ( )2 1 o ‘, ’ ! ’
(—1)=" forl=1+1,...,2n,
and T’(T;;i) =0 for j = 0,1,...,2n, where T; € [0,27). The existence and

uniqueness of such polynomials are proved in (4). The polynomial 7(¢;n) has
the form (see, for example, (5, 6))

7(t;n) = hcos 2n arccos (

sin(t/2)
sin<wn/2>) /

where w,, is chosen so that 7(m;n) = 1, i.e., from the condition

tg® w, /4 + ctg® w, /4 =2/h. (4)

For the polynomials {7(¢;i)}?", the equality
T(t1) = (=1)" 't + a;in),

holds, where «; is a constant depending on .

Put

d,(T;h) =max|z] —2zL,|, 0<i<2n D,(h)= sup d,(T;h),
T(t)eW,, (h)

where 2 2T ... 2L € (0,27) are the zeros of the polynomial T'(t) € W, (h),
I=o0,2I  =2r
<0 ) “2n+1 :
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Theorem 1. The upper bound D, (h) is attained on the polynomials 7(¢;1)
and is equal to

D, (h) =2 <7r — 2arcsin (2 — (;:l_wf)ﬁ o ) ) — 0(1//h).

We shall show that D, (h) cannot be attained on a polynomial T'(t) € W, (h)
for which T, < 1. Suppose, to the contrary, that

Dn(h> = ‘ZzT 723;1"

where zI" and 2L, are neighboring zeros of the polynomial T'(t). Let
ty <ty < ... < tg, €10,27)
be the zeros of the derivative T”(t) of the polynomial T'(¢), and suppose, for
definiteness, that T'(t;) > 0, where 2] < ¢; < z],,.
Consider a polynomial S(t) € W,,(h) such that S(s;) = T'(t;) for

§=0,1,.,i—1,i+1,...,2n;

S(s;) = 1, where the s; are the zeros of the derivative S’(t) of the polynomial
S(t), lying in the interval [0,27). Let 25 and ZZSJrl € (0,27) be neighboring zeros
of the polynomial S(¢). Then from Lemma 2 we have

S T T S
z? <z and 21 > 25,

or

D, (h) = |zF = 2] | < |28 — 2041

Show that D,,(h) also cannot be attained on a polynomial Q(t) # 7(¢;¢) from
W, (h). Suppose, to the contrary, that D, (h) is attained on a polynomial Q(t) #

7(t;4) for the zeros z] and z{ 4, ie.,

D,,(h) = |z} = 241

3

If Q(t) # 7(t;4), then at least one of the inequalities

Q(g) = 7(1}31) (1=0,1,...,2n),

holds, where ¢, € [0,27) and 7/ € [0,27) are, respectively, points of extremum
of the polynomials Q(t) and 7(¢;¢). For definiteness, let

Qlg;) > (i) >0 (j#1).
Then from Lemma 2, by virtue of inequalities (3), we have

T q q T
Z; <Zi <Zi+1 <Zi+1
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or

|2 =

il <zl — 27,
where 27 and 27, are the i-th and (i 4 1)-st zeros of the polynomial 7(t;7) on
the interval [0,27]. The quantity D,,(h) is determined by direct calculations.

Theorem 1 is proved.

Let the sequence of numbers {h,,}5°, (0 < h,, <1, n=1,2,...) be such that

lim ’{”/E =1; (5)

n—oo

{W,,(h,,)}>2; is the sequence of classes of polynomials corresponding to {h,, }5° ;;
{T,,(t)}>2, = T is a sequence of polynomials such that T, (¢) € W, (h,,) for any
n =1,2,.... Denote by Z, the set of zeros of the polynomial T, (t) € W, (h,,)
situated in the interval [0,27), and put Z = Uzo:l Z,. We shall call Z the set
of zeros of 7.

Theorem 2. The set Z of zeros of the sequence T is everywhere dense on the
interval [0, 27].

We have |2}, — 2], ,| < D, (h,). By (5), it follows from (4) that limw,, =7 as
n — oo. Hence, and from Theorem 1, it follows that lim D, (h,) = 0 as n — oo.
Theorem 2 is proved.

Theorem 3. The set M*(f) of functions f(t) € Cy,. is everywhere dense on
the interval [0, 27].

The polynomial

T;:kﬂ (t) = Tnk (t; f) o Tnk+1 (t; f) € Wnk+1 <hnk+1 )’

where

Py =B, () = E5(DYNREL (D +EL (DY (R=0,1,2,...).

Since f(t) € C,,, we have
lim nlﬂ/hnk =1

as k — oo. Therefore, by Theorem 2, the set Z of zeros of the sequence
{T5, ()}, is everywhere dense on [0,27]. By virtue of Lemma 1, the ze-
ros of Ty, (t) alternate with the points of maximum deviation from zero of the

difference f(t) —T,, (t, f) for every k =0,1,2,.... Theorem 3 is proved.

The author expresses his gratitude to V. S. Videnskii for his attention to this
work.
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