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The study of the laws of collision of solid bodies in a liquid or gas is of great
interest for the analysis of particle interactions in a fluidized (boiling) bed. The
traditional relations in this case can be applied only as a certain approximation,
since the dynamic properties of the liquid influence the nature of the process
and the very outcome of the collision.

In the present work we study the process of binary impacts in a system of
N spheres immersed in an ideal incompressible liquid at rest at infinity. We
denote by a the radius of the spheres and by m their mass. We shall assume
that the motion of the liquid is caused by the imposition of a certain field of
impulsive pressures, and that the interaction potential between the particles is
pairwise. Within the framework of the assumptions made, the motion of the
system of spheres together with the liquid is described by a finite number of
explicit coordinates (1): the radius vectors r; of the centers of the particles
relative to some fixed Cartesian coordinate system. In the absence of other
acting forces there is an energy integral

l\DM—t

N 3 N
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Here u,, (i =1,2,...,N; a=1,2,3) are the components of the velocity vector

of the i-th sphere; p is the density of the liquid, and the coefficients a%ﬁ are

expressed in a known way through the potential of the velocity field.

The interaction potential of solid spheres may be represented in the form

if 2
U(s):{o’ if s > 2a,

oo, if s < 2a.

Introduce the notation
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D = det 47

, A?jﬂ =md;;0,5 + 2/371’,0@30,%5.

Let Df;ﬁ be the algebraic cofactor of the element A” , and

N 3
=1, Z Z A%ﬁumuﬂ.

i,j=1 a,f=1

The time evolution of the system is described by Lagrange equations of the
second kind with the Lagrangian

N

L=K-1,Y U(r;—r,]).
i,5=1
(i)

Solving the Lagrange equations with respect to the highest derivatives,

we obtain
N 3 Dq»ﬁaUﬂr —r| N a’y( N 3 2K
i k
+ Up 57—
J

Suppose that at the time t = 0 a collision of two spheres occurs, while all the
others at that instant are at a finite distance both from the colliding pair and
from one another. Without loss of generality, the particles may be numbered so
that the numbers of the colliding particles are 1 and 2. Denote

0 =r]—Ts, l=0c/o.

Taking into account the assumption made about the configuration of the system
of spheres at the time ¢t = 0, integrate (2) with respect to time from ¢t = —¢
to t = € and pass to the limit as ¢ — 0. The terms containing K in (2), after
passage to the limit, vanish by virtue of their boundedness, so that as a result
we shall have

a3 af £
D1 . 8U(o)
Aujg = E 1, —2 Y, I:hm/ 90 dt. (3)
€

e=0 )

The coeflicients of I in (3) are taken at the time ¢ = 0. Using now the energy
integral (1), we find
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3 3
[=2DY lo(ui —us0) )/ Y lals (DS +D5f = DY —D57) . (4)
a=1 a,p=1

Substituting (4) into (3), after simple transformations we obtain

Auj,@':mj,@(l'g)v g=u —uy,

3 3
mg = 2; L (D57 — D7) / zﬁ;l lug (D3 + D3f — DS —Dgf) . (5)

As p — 0, it follows from (5) that m;3 = 0 (j > 3), m;5 = —myz = 5. Relations
(5) represent the solution of the problem of the collision of two spherical particles
in an ideal incompressible fluid. The laws of collision turn out to differ from
the traditional ones primarily in that, in a binary collision, the velocities of
all particles of the system change discontinuously. If one separately traces the
energies of the system of particles and of the fluid, it is easy to see that as a result
of the collision a discontinuous redistribution of the total energy of the system
occurs. In a completely analogous way it can be shown that the momentum of
the colliding particles is also not conserved.

For a quantitative estimate of the magnitude of the defect of momentum and
«

energy of the colliding particles, we use the formulas for a; j’B obtained in (2) with

accuracy up to terms of order (a/L)®, where L is the mean distance between
particles:

ap 30% \as_ 30° SR pavyd
0 = 0i0as — 5 AG == DD AWAL,
k=1 ~=1

3rarl
af ij' ij af af _ o
AZJ i A7 =0, T = |, — rj|.
17 17

Introducing the effective mass of a particle in a liquid, my = m + %Wpa3, we
represent A%B in the form

AT =mo0i8as— b)), e=x/(1+x), X =p/2p,,

3

N
asy N AGTALY, (6)

k=1 ~=1

3

oo
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where p,, is the density of the particle material.

By definition,

2 3 2 3
m 1
AE,, = —20 [(uy + Auy)? + (uy + Auy)? —uf —u3] = =mge E E bfjﬁumAujB—i—imOa E E b%ﬁAui

i,7=1 a,f=1 i,7=1 a,f=1

Similarly, the momentum defect of the colliding particles is, by definition, equal
to

3 3
Apy = mg(Auy,+Auy,) = = 2my(1g) > L (D53 —DSY) / Y Llg(DYW+D5) =D =D5Y).  (8)
y=1 a,B=1

In (7), the first two terms on the right-hand side are directly connected with the
colliding particles, and for the computation of A%ﬁ (i,j < 2) formulas (6) are
not valid. For all the other terms on the right-hand side of (7), these formulas
make it possible to estimate their dependence on the distance to the place of
collision.

Let us compute the cofactors of the elements of the determinant D. It follows
from (6) that D is a function of ¢, and since even for p = p,, the value of the
parameter € does not exceed 1/3, it is convenient to represent the expressions
for D and for the cofactors of its elements in the form of expansions in powers
of the small parameter.

Restricting ourselves to terms of order €, we obtain
1

3N_1
My

(D5} = D) = e(=1P0- s f —bf). (9)

If we denote by R the radius vector of the point of contact of the spheres at the
time ¢ = 0, then

r, =R +al, r, = R —al, s,=R-—r,

and, as follows from (6) and (9),

1

4
of _ paby _ 0B (@
N1 (Dy;" — DYy) = ek (S]) )

where k’?ﬁ are functions of the direction cosines of the vectors s and 1.
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The characteristic magnitude of the jumps in the velocities of the particles can
now be obtained from (5):

3 3 4
« « « « « a
Aujy = [QE(lg)Zlakjﬁ/ 3 zazﬁ<le+D2§—D15_D2{3)1 <S> . (10
a=1

a,p=1 J

The magnitude of these jumps rapidly decreases with increasing distance from
the place of collision.

From relations (7) and (10) one may conclude that the last four terms in the
expression for the energy defect in a collision will make a small contribution to
the right-hand side of (7). Indeed, all the terms indicated above will be of order
no less than e(a/L)%.

For ¢ « 1, i.e., in gas flows, binary collisions of solid particles may, to a high
degree of accuracy, be regarded as satisfying the classical relations.

In drop liquids, when e =~ 1/3, the classical relations are no longer applicable.
Taking into account the dependence of the right-hand side in (7) on (a/L), one
may neglect the last 4 terms in this equality. The laws of collision will have, as
in the classical case, a local structure, but between the particles and the liquid
at the instant of collision there will be an exchange of momentum and energy.

The range of applicability of the model under consideration to real systems is
determined by the compressibility of the liquid and of the particle material.
Denoting the speed of sound in the liquid by ¢, and by ¢, the speed of sound
in the particle material, the condition for applicability of the model may be
written in the form (ca/cyL) > 1.
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