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Academician of the Academy of Sciences of the BSSR S. A. Chunikhin

ON COMPOSITION BLOCKS OF FINITE
GROUPS
§ 1. In papers (1,2) (see also (3)) we indicated a method of representing the
order |𝔊| of an arbitrary finite group 𝔊 in the form of such a product

|𝔊| = 𝑚1𝑚2 ⋯ 𝑚𝑘, 𝑘 ⩾ 1,

of pairwise relatively prime factors 𝑚1, 𝑚2, … , 𝑚𝑘, to which there corresponds
a factorization

𝔊 = 𝔐1𝔐2 ⋯ 𝔐𝑘

of the group 𝔊 by means of certain pairwise permutable subgroups
𝔐1, 𝔐2, … , 𝔐𝑘 of orders 𝑚1, 𝑚2, … , 𝑚𝑘, respectively. Moreover, for solvable
𝔊 the system of subgroups 𝔐1, 𝔐2, … , 𝔐𝑘 automatically becomes a Sylow
system of P. Hall.

We called (1,2) the systems of subgroups 𝔐1, 𝔐2, … , 𝔐𝑘 complete systems of
permutable components of the group 𝔊, the numbers 𝑚1, 𝑚2, … , 𝑚𝑘 composi-
tion blocks of 𝔊 (their definition is given in § 3), and the factorization found by
us a composition-block factorization of finite groups (3).
In the present paper it is shown (in Theorem 1) that it is possible to factor a
finite group by any set of subgroups on whose orders of intersection with the
members of a given invariant series of the group a certain“embedding condition”
is imposed, and a number of consequences are derived from this. In particular,
we prove that an arbitrary finite group is factored not only by means of complete
systems of pairwise permutable components, but also by means of any set of
subgroups of orders 𝑚1, 𝑚2, … , 𝑚𝑘. Let us note that in the results given below,
factorizations are established not with pairwise permutability of the factors—
which is impossible in the general case of the sets of subgroups considered by us
—but with permutability of them as a whole. Therefore such factorizations may
be called totally permutable. On the other hand, the results obtained by us
may also be regarded as criteria for the total permutability of certain subgroups
(cf. (8)).
In § 4 the natural place in the theory of finite groups of the class of 𝜋-solvable
groups introduced by us in (4−6) is revealed.
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§ 2. We give a list of the notation and definitions needed by us. 𝔊 is an
arbitrary finite group; |𝔊| is its order; 𝑝 is a prime number; 𝜋 is a set of prime
numbers (empty or not); a 𝑝-solvable group (4) is a finite group in which each
index divisible by 𝑝 of a composition series is equal to 𝑝; a 𝜋-solvable group
(5,6) is a group that is 𝑝-solvable for every 𝑝 ∈ 𝜋; 𝔈 is the identity subgroup
of 𝔊; we classify 𝔊 as solvable, supersolvable, and nilpotent groups, and as
Sylow subgroups of 𝔊; the series ℭ, ℭ′ are regarded as composition, chief, and
characteristic for 𝔊; an invariant series of a group is a series all of whose members
are invariant subgroups of the group; 𝑁 is a sequence of natural numbers, among
which there may also be equal ones; 𝑁 , for 𝑁 nonempty, we set equal to the
product of all elements of 𝑁 , and for 𝑁 empty, to 1; a primary number is a
power of a prime number (including the zeroth power); if 𝑛 is a natural number,
then 𝜋(𝑛) is the set of all distinct prime divisors of 𝑛; a 𝜋-number is a natural
number for which 𝜋(𝑛) ⊆ 𝜋; a 𝜋-group (subgroup) is a group (subgroup) whose
order is a 𝜋-number; a 𝜋-maximal subgroup is a 𝜋-subgroup that is not a proper
subgroup of any 𝜋-subgroup; a 𝜋-divisor is a divisor that is a 𝜋-number.

§ 3. Let 𝑛1 ∈ 𝑁 and let 𝑁1
1 = {𝑛1}. Construct the sequence of sets 𝑁1

1 , 𝑁2
1 , …,

in which each 𝑁 𝑖+1
1 , 𝑖 ≥ 1, is the union of 𝑁 𝑖

1 and the set of all those elements of
𝑁 that are not relatively prime to at least one of the elements of 𝑁 𝑖

1. Obviously,
this sequence stabilizes at some term 𝑁𝑟1

1 = 𝑁1. If 𝑁1 does not yet exhaust 𝑁 ,
then take 𝑛2 ∈ 𝑁 ∖𝑁1 and repeat the procedure indicated above. As a result, 𝑁
decomposes into pairwise disjoint classes 𝑁1, 𝑁2, … , 𝑁𝑘, 𝑘 ≥ 1, of arithmetically
connected elements (1). The numbers 𝑚1 = 𝑁1, 𝑚2 = 𝑁2, … , 𝑚𝑘 = 𝑁𝑘 will
be called the blocks of the sequence 𝑁 . In (1) we called the blocks of the
sequence of indices of any composition series of an arbitrary finite group 𝔊 the
composition blocks of the group 𝔊.

A divisor ℎ of the number |𝔊| will be called full-block (2) if ℎ = 𝑀 , where 𝑀 is
some (empty or not) set of composition blocks of the group 𝔊.

§ 4. From the assertion on the solvability of groups of odd order it follows that
the composition-block factorization 𝔊 = 𝔐1𝔐2 … 𝔐𝑘 contains no more than
one factor of even order, while the remaining factors (if they exist) are subgroups
of primary odd orders. Therefore 𝔊 = 𝔊�𝔊��, with |𝔊�| = 𝑀 � and |𝔊��| = 𝑀 ��,
where 𝑀� and 𝑀�� are the sets of all even and all primary composition blocks
of 𝔊. The subgroup 𝔊� (the even component of 𝔊) is single-block (Lemma 7
from (2)); the subgroup 𝔊�� (the primary component of 𝔊) is solvable. It is
also obvious that 𝔊 is 𝜋(𝑀)-solvable for any 𝑀 ⊆ 𝑀��. Conversely, if 𝔊 is 𝜋-
solvable, then the greatest 𝜋-divisor of |𝔊| is equal to 𝑀 , where 𝑀 ⊆ 𝑀��. If ℎ
is any full-block divisor of |𝔊|, then for 𝔊 the 𝜋(ℎ)-Sylow theorem holds, i.e. all
𝜋(ℎ)-maximal subgroups of 𝔊 are conjugate (7).
§ 5. Definition 1. Subgroups 𝔄1, 𝔄2, … , 𝔄𝜇, 𝜇 ≥ 1, of 𝔊 will be called totally
permutable if the product 𝔄1𝔄2 … 𝔄𝜇 does not depend on the order of the
factors (then it will also be a subgroup of 𝔊).

Let now
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𝔊 = 𝔊0 ⊇ 𝔊1 ⊇ … ⊇ 𝔊𝜆 = 𝔈

be some invariant series of the group 𝔊 with the sequence of indices 𝑁𝔊 =
{ℎ1, ℎ2, … , ℎ𝜆}, which, for 𝔊 ≠ 𝔈, has no repetitions. (1)

Let also 𝐻𝑗 be the set of all elements of 𝑁𝔊 whose numbers are greater than 𝑗.
Let

𝑁𝔊 =
𝜇

⋃
𝑖=1

𝑀𝑖, 𝜇 ≥ 1,

be some arbitrary representation of the set 𝑁𝔊 as the union of some of its subsets
𝑀𝑖, and let to each 𝑀𝑖, 𝑖 = 1, 2, … , 𝜇, there be assigned some subgroup 𝔄𝑖 of
𝔊 satisfying the following “embedding condition”:

|𝔄𝑖 ∩ 𝔊𝑗| = 𝐷𝑖𝑗𝑑𝑖𝑗, where 𝐷𝑖𝑗 = 𝑀𝑖 ∩ 𝐻𝑗, 𝑖 = 1, 2, … , 𝜇; 𝑗 = 0, 1, … , 𝜆,

and, if 𝑗 < 𝜆, then 𝑑𝑖𝑗 is divisible by 𝑑𝑖,𝑗+1. (2)

Definition 2. Any collection of subgroups satisfying condition (2) will be called
a properly embedded system of subgroups of the group 𝔊.

Definition 3. If for a collection of subgroups 𝔅1, 𝔅2, … , 𝔅𝜈, 𝜈 ≥ 1, of the
group 𝔊 the equality 𝔊 = 𝔅1𝔅2 … 𝔅𝜈 holds, then we shall say that it 𝜎-
factorizes the group, where 𝜎 is the above-indicated arrangement of the factors
(when the arrangement of the factors is immaterial, the sign 𝜎 will be omitted).

It is obvious that if a given system of subgroups of the group 𝔊 factorizes 𝔊
(and is totally permutable), then this is also true for every system of subgroups
from 𝔊 containing it.

Theorem 1. Every properly embedded system of subgroups of an arbitrary finite
group 𝔊 is totally permutable and factorizes 𝔊.

Proof. Suppose that the theorem is false, and let the group 𝔊 then be a
counterexample of least order. Clearly, then 𝜆 > 1, 𝜇 > 1, and hence also |𝔊| >
1. Then 𝔊𝜆−1 ≠ 𝔊 and |𝔊/𝔊𝜆−1| < |𝔊|. Consider now the group 𝔄𝑖𝔊𝜆−1/𝔊𝜆−1,
𝑖 = 1, 2, … , 𝜇. Its order is obviously equal to 𝑎′

𝑖 = |𝔄𝑖|/𝐷̄𝑖𝜆−1𝑑𝑖𝜆−1.

If ℎ𝜆 ∈ 𝑀𝑖, then
𝑎′

𝑖 = (𝑀𝑖 ∖ {ℎ𝜆}) 𝑑𝑖0/𝑑𝑖𝜆−1,
whereas if ℎ𝜆 ∉ 𝑀𝑖, then

𝑎′
𝑖 = 𝑀̄𝑖𝑑𝑖0/𝑑𝑖𝜆−1.
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In the first case put 𝑀 ′
𝑖 = 𝑀𝑖 ∖ {ℎ𝜆}, and in the second 𝑀 ′

𝑖 = 𝑀𝑖. Then
𝜇

⋃
𝑖=1

𝑀 ′
𝑖 = 𝑁𝔊 ∖ {ℎ𝜆} = 𝑁𝔊/𝔊𝜆−1

,

where 𝑁𝔊/𝔊𝜆−1
is the sequence of indices of the invariant series

𝔊/𝔊𝜆−1 = 𝔊0/𝔊𝜆−1 ⊃ 𝔊1/𝔊𝜆−1 ⊃ ⋯ ⊃ 𝔊𝜆−1/𝔊𝜆−1

of the group 𝔊/𝔊𝜆−1. Moreover, for 𝑖 = 1, 2, … , 𝜇 and 𝑗 = 0, 1, … , 𝜆 − 1 we
have:

𝜂𝑖𝑗 = ∣𝔄𝑖𝔊𝜆−1/𝔊𝜆−1 ∩ 𝔊𝑗/𝔊𝜆−1∣ = ∣(𝔄𝑖 ∩ 𝔊𝑗)𝔊𝜆−1/𝔊𝜆−1∣ = 𝐷̄𝑖𝑗𝑑𝑖𝑗/|𝔄𝑖∩𝔊𝜆−1|.

Consider again the two possible cases.

1) ℎ𝜆 ∈ 𝑀𝑖. Then it is clear that 𝐷𝑖𝜆−1 = {ℎ𝜆} and that ℎ𝜆 ∈ 𝐷𝑖𝑗. In this
case

|𝔄𝑖 ∩ 𝔊𝜆−1| = ℎ𝜆𝑑𝑖𝜆−1 = ℎ𝜆;
𝜂𝑖𝑗 = (𝐷𝑖𝑗 ∖ {ℎ𝜆}) 𝑑𝑖𝑗/𝑑𝑖𝜆−1

and
𝐷𝑖𝑗 ∖ {ℎ𝜆} = 𝑀 ′

𝑖 ∩ 𝐻𝑗.

2) ℎ𝜆 ∉ 𝑀𝑖. Then
𝜂𝑖𝑗 = 𝐷̄𝑖𝑗𝑑𝑖𝑗/𝑑𝑖𝜆−1

and
𝐷𝑖𝑗 = 𝑀 ′

𝑖 ∩ 𝐻𝑗.
The divisibility condition from (2) shows that for 𝑗 < 𝜆 − 1 the num-
ber 𝑑𝑖𝑗/𝑑𝑖𝜆−1 is divisible by 𝑑𝑖𝑗+1/𝑑𝑖𝜆−1. We see that, for the system of
subgroups

𝔄𝑖𝔊𝜆−1/𝔊𝜆−1, 𝑖 = 1, 2, … , 𝜇,
of the group 𝔊/𝔊𝜆−1, all conditions of the theorem being proved are sat-
isfied.

Since |𝔊/𝔊𝜆−1| < |𝔊|, the theorem is true for 𝔊/𝔊𝜆−1, i.e., the system of
subgroups

𝔄𝑖𝔊𝜆−1/𝔊𝜆−1, 𝑖 = 1, 2, … , 𝜇,
is totally permutable and factorizes 𝔊/𝔊𝜆−1. But then there is a factorization

𝔊 = 𝔄1𝔄2 ⋯ 𝔄𝜇𝔊𝜆−1

with totally permutable factors. By the hypothesis, there exists at least one 𝑀𝜈
containing ℎ𝜆. As we saw above, then 𝔊𝜆−1 ⊆ 𝔄𝜈, and consequently

𝔊 = 𝔄1𝔄2 ⋯ 𝔄𝜇
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and all factors are totally permutable. We have obtained a contradiction. The
theorem is proved.

Definition 4. Let ℎ be some divisor of the number |𝔊|. Then a subgroup ℌ
whose order is divisible by the largest 𝜋(ℎ)-divisor of the number |𝔊| will be
called an ℎ-subgroup of 𝔊.

Definition 5. If to each index ℎ𝑖 from 𝑁𝔊 there is assigned some ℎ𝑖-subgroup
ℌ𝑖 of 𝔊, then the system of subgroups

ℌ𝑖, 𝑖 = 1, 2, … , 𝜆,

will be called an invariant-index system of subgroups of the group 𝔊 (in
such a system of subgroups repetitions may occur).

Theorem 2. Every invariant-index system of subgroups of an arbitrary finite
group 𝔊 is totally permutable and factorizes 𝔊.

Proof. We shall show that for an arbitrary invariant-index system of subgroups

ℌ𝑖, 𝑖 = 1, 2, … , 𝜆,

the conditions of Theorem 1 are fulfilled.

For this, first put 𝑀𝑖 = {ℎ𝑖}. We now verify the fulfillment of condition (2). By
definition, the order ℌ𝑖 is divisible by the largest 𝜋(ℎ𝑖)-divisor ℎ̃𝑖 of the number
|𝔊|. But then

the largest 𝜋(ℎ𝑖)-divisors of |ℌ𝑖∩𝔊𝑗| and |𝔊𝑗| are equal to 𝛿𝑖𝑗 = (ℎ̃𝑖, |𝔊𝑗|), 𝑖 = 1, 2, … , 𝜆; 𝑗 = 0, 1, … , 𝜆. (3)

Assuming, as in Theorem 1, that

𝐷𝑖𝑗 = 𝑀𝑖 ∩ 𝐻𝑗, 𝑖 = 1, 2, … , 𝜆; 𝑗 = 0, 1, … , 𝜆,

we see that for 𝑖 < 𝑗 + 1 the set 𝐷𝑖𝑗 is empty and 𝐷̄𝑖𝑗 = 1, and for

𝑗 + 1 ≤ 𝑖 ≤ 𝜆, 𝐷𝑖𝑗 = {ℎ𝑖} and 𝐷̄𝑖𝑗 = ℎ𝑖. From (3), in view of |𝔊𝑗| = 𝐻̄𝑗 and the
divisibility of ℎ̄𝑖 by ℎ𝑖, it follows that for 𝑗 + 1 ≤ 𝑖 ≤ 𝜆 the number |ℌ𝑖 ∩ 𝔊𝑗| is
divisible by ℎ𝑖 = 𝐷̄𝑖𝑗. Everything said shows that one may put

|ℌ𝑖 ∩ 𝔊𝑗| = 𝐷̄𝑖𝑗𝑑𝑖𝑗, where 𝐷̄𝑖𝑗 = 1 for 𝑖 < 𝑗 + 1 and 𝐷̄𝑖𝑗 = ℎ𝑖 for
𝑗 + 1 ≤ 𝑖 ≤ 𝜆, and 𝑑𝑖𝑗 are certain factors. (4)

We shall prove that if 𝑖 = 1, 2, … , 𝜆 and 𝑗 = 0, 1, … , 𝜆 − 1, then 𝑑𝑖𝑗 is divisible
by 𝑑𝑖𝑗+1. Obviously,

|ℌ𝑖 ∩ 𝔊𝑗| = 𝑘𝑖𝑗|ℌ𝑖 ∩ 𝔊𝑗+1|, 𝑖 = 1, 2, … , 𝜆; 𝑗 = 0, 1, … , 𝜆 − 1. (5)

Further, only the following cases are possible:
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1) 𝑖 < 𝑗+1. Then also 𝑖 < 𝑗+2. Then from (4) it follows that |ℌ𝑖 ∩𝔊𝑗| = 𝑑𝑖𝑗,
|ℌ𝑖 ∩ 𝔊𝑗+1| = 𝑑𝑖𝑗+1. Hence, by (5), we obtain the required assertion.

2) 𝑖 = 𝑗+1. Then from (4) it follows that |ℌ𝑖 ∩𝔊𝑗| = ℎ𝑖𝑑𝑖𝑗 and |ℌ𝑖 ∩𝔊𝑗+1| =
𝑑𝑖𝑗+1. The index of 𝔊𝑗+1 in 𝔊𝑗 is ℎ𝑖, which divides the greatest 𝜋(ℎ𝑖)-
divisor of the number |𝔊𝑗|, which by (3) is equal to 𝛿𝑖𝑗.

Consequently, 𝛿𝑖𝑗 = ℎ𝑖𝛿𝑖𝑗+1. This equality, taking (3) into account, shows that
the greatest 𝜋(ℎ𝑖)-divisor 𝛿𝑖𝑗 of the left-hand side of (5) is obtained from the
greatest 𝜋(ℎ𝑖)-divisor 𝛿𝑖𝑗+1 of the number |ℌ𝑖 ∩ 𝔊𝑗+1| by multiplication by ℎ𝑖.
Consequently, the number 𝑘𝑖𝑗 in (5) must be divisible by ℎ𝑖, i.e. |ℌ𝑖 ∩ 𝔊𝑗| =
𝑘′

𝑖𝑗ℎ𝑖|ℌ𝑖 ∩ 𝔊𝑗+1|, or ℎ𝑖𝑑𝑖𝑗 = 𝑘′
𝑖𝑗ℎ𝑖𝑑𝑖𝑗+1, whence 𝑑𝑖𝑗 = 𝑘′

𝑖𝑗𝑑𝑖𝑗+1, as was required to
prove.

3) 𝑖 > 𝑗+1. Then from (4) it follows that |ℌ𝑖 ∩𝔊𝑗| = ℎ𝑖𝑑𝑖𝑗 and |ℌ𝑖 ∩𝔊𝑗+1| =
ℎ𝑖𝑑𝑖𝑗+1. Hence, on the basis of (5), the required assertion follows.

Thus, Theorem 1 may be applied. Theorem 2 is proved.

Theorem 3. Let there be given some system 𝑏1, 𝑏2, … , 𝑏𝜈 of integral divisors of
the order of an arbitrary finite group 𝔊 such that

𝑏1𝑏2 ⋯ 𝑏𝜈 = |𝔊|.

Then every system of subgroups 𝔅1, 𝔅2, … , 𝔅𝜈, whose orders are respectively
equal to 𝑏1𝑑1, 𝑏2𝑑2, … , 𝑏𝜈𝑑𝜈, is totally permutable and factorizes the group 𝔊.

Proof. As the series (1), take some chief series of 𝔊. According to the definition
of a composition block and an integral-block divisor of a finite group, for each
index ℎ𝑖 of the series (1) there is some subgroup of the system 𝔅1, 𝔅2, … , 𝔅𝜈
whose order is divisible by the greatest 𝜋(ℎ𝑖)-divisor of the number |𝔊|. Assign
it to the index ℎ𝑖. It is now obvious that for the system 𝔅1, 𝔅2, … , 𝔅𝜈 all the
conditions of Theorem 2 are satisfied, which proves Theorem 3.

Definition 6. Any collection of subgroups 𝔐1, 𝔐2, … , 𝔐𝑘, respectively of or-
ders 𝑚1, 𝑚2, … , 𝑚𝑘, of an arbitrary finite group 𝔊, where 𝑚1, 𝑚2, … , 𝑚𝑘 are
composition blocks of 𝔊, will be called a composition collection of sub-
groups of the group 𝔊.

Theorem 4. Every composition collection of subgroups of an arbitrary finite
group 𝔊 is totally permutable and factorizes 𝔊.

Proof. In Theorem 3 it suffices to put 𝜈 = 𝑘, 𝑏𝑖 = 𝑚𝑖, 𝑑𝑖 = 1, 𝑖 = 1, 2, … , 𝑘,
and Theorem 4 is proved.*

On the basis of our theorem mentioned in § 1, the systems of subgroups required
by Theorems 3 and 4 always exist.

Gomel Laboratory of the Institute of Mathematics
Academy of Sciences of the BSSR

sovietrxiv.org/items/ru-196901.32692 Machine Translation

https://sovietrxiv.org/items/ru-196901.32692


Received
12 III 1969

REFERENCES
1. S. A. Chunikhin, DAN, 97, No. 6, 977 (1954).

2. S. A. Chunikhin, Matem. sborn., 39 (81), No. 4, 465 (1956).

3. S. A. Chunikhin, Subgroups of finite groups. Minsk, 1964.

4. S. A. Chunikhin, DAN, 55, No. 6, 481 (1947).

5. S. A. Chunikhin, Matem. sborn., 25 (67), No. 3, 321 (1949).

6. S. A. Chunikhin, DAN, 73, No. 1, 29 (1950).

7. S. A. Chunikhin, Dokl. AN BSSR, 6, No. 6, 345 (1962).

8. S. A. Chunikhin, Matem. sborn., 43 (85), No. 1, 49 (1957).

* The special case of Theorem 4 when 𝔊 is solvable was obtained by B. V.
Kazachkov (his oral communication).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196901.32692 Machine Translation

https://sovietrxiv.org/items/ru-196901.32692

	Abstract
	Full Text
	ON COMPOSITION BLOCKS OF FINITE GROUPS
	REFERENCES


