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Abstract
Full Text
UDC 621.371.167

MATHEMATICAL PHYSICS

P. Ya. UFIMTSEV

ASYMPTOTIC EXPANSIONS IN THE THE-
ORY OF DIFFRACTION OF A PLANE WAVE
BY A STRIP
(Presented by Academician V. A. Fock on 24 XII 1968)

1. In this paper, on the basis of the method of edge waves (1) and the fac-
torization method (2), an asymptotic solution is obtained for the problem of
diffraction by a strip, with accuracy up to any prescribed degree (𝑘𝑙)−𝑛/2, for
2𝑘𝑙 ≫ 𝑛, where 𝑘 is the wave number in free space, 2𝑙 is the width of the strip,
and 𝑛 is any positive integer. The case considered is that in which a plane
electromagnetic wave

𝐻𝑥 = exp [−𝑖𝑘 (𝑧𝑎0 + 𝑦√1 − 𝑎2
0) − 𝑖𝜔𝑡] , 𝐸𝑥 = 0, 𝑎0 = cos 𝜗0, (1)

0 ≤ 𝜗0 ≤ 𝜋,

excites a perfectly conducting strip, whose orientation in free space is determined
by the relations 𝑦 = 0, −𝑙 ≤ 𝑧 ≤ 𝑙, −∞ ≤ 𝑥 ≤ ∞. In other words, the
Neumann boundary-value problem for the Helmholtz equation is investigated.
The paper computes the surface-current density on the strip and the scattering
characteristic in the far zone. The method presented is readily generalized to
the case of the other polarization for the strip and can be applied to a number
of other problems.

2. Let us represent the surface-current density in the form

𝑗𝑧 = 𝑐
2𝜋 𝐽(𝑧, 𝑎0), 𝐽(𝑧, 𝑎0) = −𝑒−𝑖𝑘𝑧𝑎0 + 𝐽(𝑧 + 𝑙, 𝑎0) + 𝐽(𝑙 − 𝑧, −𝑎0), (2)

where

𝐽(𝑧, 𝑎0) =
∞

∑
1

𝑗𝑛(𝑧, 𝑎0) (3)
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describes the edge waves arising under successive diffraction

at the edges of the strip. Put 𝑗𝑛(𝑧, 𝑎0) = ∫
∞

−∞
𝑒𝑖𝑧𝑡𝐹𝑛(𝑡, 𝑘𝑎0) 𝑑𝑡, and denote by

𝐸𝑛(𝑧, 𝑦, 𝑎0) the electric vector of the field radiated by this current. Then the
conditions 𝐽(𝑧, 𝑎0) = 0 for |𝑧| > 𝑙 and 𝐸𝑛𝑧(𝑧, 0, 𝑎0) = 0 for 𝑧 > 0 lead to
a system of functional equations with respect to 𝐹𝑛(𝑡, 𝑘𝑎0) (see, for example,
(3)). The solution of these equations is found by the factorization method. It
is equivalent to Schwarzschild’s solution (4) and can also be obtained by the
method of successive approximations from the integral equation of the second
kind formulated in (5).
3. Having determined the functions 𝐹𝑛, we find

𝐽(𝑧, 𝑎0) = −𝑒𝑖𝑘𝑧
∞

∑
𝑛=1

(−1)𝑛𝜒𝑛(𝑧, −𝛽𝑛)𝑒𝑖𝑞(𝑛−1)−𝑖𝑥𝛽𝑛 , 𝛽𝑛 = (−1)𝑛𝑎0, (4)

where

𝜒1(𝑧, 𝛼)𝑒𝑖𝑘𝑧 = −
√1 + 𝛼

2𝜋𝑖 ∫
∞

−∞

𝑒𝑖𝑘𝑧𝑡
√

1 − 𝑡
𝑑𝑡

𝑡 + 𝛼;

𝜒2(𝑧, 𝛼)𝑒𝑖𝑞+𝑖𝑘𝑧 = −
√1 + 𝛼
2(𝜋𝑖)2 ∫

1+𝑖∞

1

ℎ(𝑡1) 𝑑𝑡1
𝑡1 + 𝛼 ∫

∞

−∞

𝑒𝑖𝑘𝑧𝑡2

√1 − 𝑡2

𝑑𝑡2
𝑡2 + 𝑡1

, (5)

𝜒𝑛(𝑧, 𝛼)𝑒𝑖𝑞(𝑛−1)+𝑖𝑘𝑧 = −
√1 + 𝛼
2(𝜋𝑖)𝑛 ××∫

1+𝑖∞

1
⋯∫

1+𝑖∞

1

ℎ(𝑡1)ℎ(𝑡2) … ℎ(𝑡𝑛−1) 𝑑𝑡1 𝑑𝑡2 … 𝑑𝑡𝑛−1
(𝑡1 + 𝛼)(𝑡2 + 𝑡1)(𝑡3 + 𝑡2) … (𝑡𝑛−1 + 𝑡𝑛−2) ∫

∞

−∞

𝑒𝑖𝑘𝑧𝑡𝑛

√1 − 𝑡𝑛

𝑑𝑡𝑛
𝑡𝑛 + 𝑡𝑛−1

, (6)

ℎ(𝑡) = √1 + 𝑡
1 − 𝑡 𝑒𝑖𝑞𝑡, 𝑞 = 2𝜒, 𝜒 = 𝑘𝑙. (7)

The integrals with limits from 1 to 1 + 𝑖∞ are taken along the left bank of the
cut 1 → 1 + 𝑖∞. In addition, the contour of integration passes above the poles
𝑡 = −𝛼, 𝑡2 = −𝑡1, 𝑡𝑛 = −𝑡𝑛−1. The contour passing along the real axis goes
around the branch points: the point 𝑡 = −1 from above, and the point 𝑡 = 1
from below.

Knowing the current, one can determine the scattered field. In the far zone it
is equal to

𝐻𝑥 = Φ(𝛼, 𝛼0)𝑒𝑖(𝑘𝑟+𝜋/4)
√

2𝜋𝑘𝑟
, 𝛼 = cos 𝜗, 𝑟 = √𝑦2 + 𝑧2, 𝑦 ⩾ 0, (8)
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where

Φ(𝛼, 𝛼0) = Φ̃(𝛼, 𝛼0) + Φ̃(−𝛼, −𝛼0), (9)

Φ̃(𝛼, 𝛼0) = 𝑒𝑖𝜒𝛼 {
∞

∑
𝑛=1

(−1)𝑛𝜑𝑛(𝛼, −𝛽𝑛)𝑒𝑖𝑞(𝑛−1)−𝑖𝜒𝛽𝑛} , 𝛽𝑛 = (−1)𝑛𝛼0; (10)

𝜑1(𝛼, 𝛼0) =
√1 + 𝛼√1 + 𝛼0

𝛼 + 𝛼0
,

𝜑𝑛(𝛼, 𝛼0) = −𝑖𝑘
√

1 − 𝛼2 ∫
∞

−∞
𝑒𝑖𝑘(1−𝛼)𝑧𝜒𝑛(𝑧, 𝛼0) 𝑑𝑧. (11)

The series (4), (10) converge absolutely and uniformly for any values 𝑘𝑙 > 0
and constitute a rigorous solution of the boundary-value problem, expressed in
terms of new special functions. Unlike the classical series in Mathieu functions,
they converge the faster, the larger the parameter 𝑘𝑙.

4. Generalizing the well-known Watson lemma [6] to multiple integrals, one
can obtain the following asymptotic expansions as 𝑞 → ∞:

𝜒2(𝑧, 𝛼) ∼ 𝜑(𝑞, 𝛼)𝜑(𝑘𝑧, 1)+
∞

∑
𝑚=1

𝜑(𝑚)
𝑞 (𝑞, 𝛼)
𝜋𝑖𝑚+1 ∫

1+𝑖∞

1

𝑒𝑖𝑘𝑧(𝑡−1)
√

1 − 𝑡 𝑐𝑚(𝑡) 𝑑𝑡, 𝑧 ⩾ 0; (12)

𝜑2(𝛼, 𝛼0) ∼ 1
𝛼 − 𝛼0

∞
∑
𝑚=0

𝑎𝑚
𝑖𝑚 [

√
1 + 𝛼 𝜑(𝑚)

𝑞 (𝑞, 𝛼0) − √1 + 𝛼0 𝜑(𝑚)
𝑞 (𝑞, 𝛼)] ; (13)

𝜒𝑛(𝑧, 𝛼) ∼ 𝜑(𝑞, 𝛼)𝜑(𝑘𝑧, 1)𝜑𝑛−2(𝑞, 1)++
√1 + 𝛼
(𝜋𝑖)𝑛

∞
∑
𝑚=1

1
𝑚! ∫

1+𝑖∞

1

𝑒𝑖𝑘𝑧(𝑡𝑛−1)

√1 − 𝑡𝑛
𝑑𝑡𝑛 ∫

1+𝑖∞

1
⋯∫

1+𝑖∞

1
exp [𝑖𝑞

𝑛−1
∑
𝑠=1

(𝑡𝑠 − 1)]×× 𝑢𝑚(𝑡1, 𝑡2, … , 𝑡𝑛) 𝑑𝑡1 𝑑𝑡2 … 𝑑𝑡𝑛−1
(𝑡1 + 𝛼) ∏𝑛−1

𝑠=2 (𝑡𝑠 + 1) ∏𝑛−1
𝑝=1 √1 − 𝑡𝑝

; (14)

𝑢𝑚(𝑡1, 𝑡2, … , 𝑡𝑛) = [
𝑛−1
∑
𝑠=1

(𝑡𝑠 − 1) 𝜕
𝜕𝑡𝑠

]
𝑚

𝑓𝑛(1, 1, … , 1, 𝑡𝑛);

𝑓𝑛(𝑡1, 𝑡2, … , 𝑡𝑛) = √1 + 𝑡1 ∏𝑛−1
𝑠=2 (1 + 𝑡𝑠)3/2

(𝑡1 + 𝑡2)(𝑡2 + 𝑡3) … (𝑡𝑛−1 + 𝑡𝑛) , 𝑛 = 3, 4, … , 𝑧 ⩾ 0;
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𝜑𝑛(𝛼, 𝛼0) ∼ 𝜑(𝑞, 𝛼)𝜑(𝑞, 𝛼0)𝜑𝑛−3(𝑞, 1)++
√1 + 𝛼√1 + 𝛼0

(𝑖𝜋)𝑛−1

∞
∑
𝑚=1

1
𝑚! ∫

1+𝑖∞

1
⋯ ∫

1+𝑖∞

1
exp [𝑖𝑞

𝑛−1
∑
𝑠=1

(𝑡𝑠 − 1)]×× 𝑢̂𝑚(𝑡1, 𝑡2, … , 𝑡𝑛−1) 𝑑𝑡1 𝑑𝑡2 … 𝑑𝑡𝑛−1
(𝑡1 + 𝛼0)(𝑡𝑛−1 + 𝛼) ∏𝑛−2

𝑠=2 (𝑡𝑠 + 1) ⋅ ∏𝑛−1
𝑝=1 √1 − 𝑡𝑝

; (15)

𝑢̂𝑚(𝑡1, 𝑡2, … , 𝑡𝑛−1) = [
𝑛−1
∑
𝑠=1

(𝑡𝑠 − 1) 𝜕
𝜕𝑡𝑠

]
𝑚

̂𝑓𝑛(1, 1, … , 1),

̂𝑓𝑛(𝑡1, 𝑡2, … , 𝑡𝑛−1) = √1 + 𝑡1√1 + 𝑡𝑛−1 ∏𝑛−2
𝑠=2 (1 + 𝑡𝑠)3/2

(𝑡1 + 𝑡2)(𝑡2 + 𝑡3) … (𝑡𝑛−2 + 𝑡𝑛−1) ,

𝑛 = 4, 5, … , ̂𝑓3(𝑡1, 𝑡2) = √1 + 𝑡1√1 + 𝑡2(𝑡1 + 𝑡2)−1,

where 𝑐𝑚(𝑡) and 𝑎𝑚 are the coefficients of the Taylor series

(1+𝑥)1/2(𝑥+𝑡)−1 =
∞

∑
𝑚=0

𝑐𝑚(𝑡)(𝑥−1)𝑚,
√

1 + 𝑡 =
∞

∑
𝑚=0

𝑎𝑚(𝑡−1)𝑚, (16)

and the function 𝜑(𝑞, 𝛼) is the Fresnel integral

𝜑(𝑞, 𝛼) = 2√𝜋 𝑒−𝑖𝜋/4𝑒−𝑖𝑞(1+𝛼) ∫
∞

√𝑞(1+𝛼)
𝑒𝑖𝑡2 𝑑𝑡. (17)

The series (12)—(15) are expressed in terms of single integrals of the form

𝜕𝑚𝜑(𝑞, 𝛼)
𝜕𝑞𝑚 = 𝑖𝑚

√1 + 𝛼
𝑖𝜋 ∫

1+𝑖∞

1

𝑒𝑖𝑞(𝑡−1)
√

1 − 𝑡 ⋅ (𝑡 − 1)𝑚

𝑡 + 𝛼 𝑑𝑡,

𝜑𝑚(𝑧) =
√

2
𝑖𝜋 ∫

1+𝑖∞

1

𝑒𝑖𝑞(𝑡−1)
√

1 − 𝑡
𝑑𝑡

(𝑡 + 1)𝑚 , (18)

where

𝜑1(𝑧) = 𝜑(𝑧, 1), 𝜑𝑚(𝑧) = 𝑖𝑚−1𝑒−2𝑖𝑧 ∫
𝑧

∞
𝑑𝑠1 ∫

𝑠1

∞
𝑑𝑠2 … ∫

𝑠𝑚−2

∞
𝑑𝑠𝑚−2×× ∫

𝑠𝑚−2

∞
𝑒2𝑖𝑠𝑚−1𝜑(𝑠𝑚−1, 1) 𝑑𝑠𝑚−1, 𝑚 = 2, 3, …

5. With the aid of these asymptotic expansions, formulas for the current and
the scattering pattern have been obtained in the 𝑛-th approximation:
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𝐽(𝑧, 𝛼0) = ̃𝐽𝑛(𝑧, 𝛼0)+𝑅̃𝑛(𝑧, 𝛼0), Φ̃(𝛼, 𝛼0) = Φ̃𝑛(𝛼, 𝛼0)+ ̃𝑃𝑛(𝛼, 𝛼0), (19)

where 𝑅̃𝑛(𝑧, 𝛼0) and ̃𝑃𝑛(𝛼, 𝛼0) characterize the absolute error of the quantities
̃𝐽𝑛(𝑧, 𝛼0) and Φ̃𝑛(𝛼, 𝛼0). In the first approximation,

̃𝐽1(𝑧, 𝛼0) = 𝜑(𝑘𝑧, 𝛼0)𝑒𝑖𝑥𝛼0+𝑖𝑘𝑧−− 𝑒𝑖𝑞

𝐷1
[𝜑(𝑞, −𝛼0)𝑒−𝑖𝑥𝛼0 − 𝜑(𝑞, 𝛼0)𝜑(𝑞, 1)𝑒𝑖𝑥𝛼0+𝑖𝑞] 𝜑(𝑘𝑧, 1)𝑒𝑖𝑘𝑧; (20)

Φ̃1(𝛼, 𝛼0) = −
√1 + 𝛼√1 + 𝛼0

𝛼 + 𝛼0
𝑒𝑖𝑥(𝛼+𝛼0)++ 𝑒𝑖𝑞

𝛼 + 𝛼0
[(1 + 𝛼0)√1 + 𝛼

2 𝜑(𝑞, −𝛼0) − (1 − 𝛼)√1 − 𝛼0
2 𝜑(𝑞, 𝛼)] 𝑒𝑖𝑥(𝛼−𝛼0)−−𝑒2𝑖𝑞

𝐷1
[𝜑(𝑞, 𝛼0)𝑒𝑖𝑥𝛼0 − 𝜑(𝑞, −𝛼0)𝜑(𝑞, 1)𝑒𝑖𝑞−𝑖𝑥𝛼0] 𝜑(𝑞, 𝛼)𝑒𝑖𝑥𝛼, (21)

where

𝐷1 = 1 − 𝜑2(𝑞, 1)𝑒2𝑖𝑞. (22)

The absolute error of these expressions for −1 ≤ 𝑎, 𝑎0 ≤ 1 is determined by the
formulas

𝑅1(𝑧, 𝑎0) = 𝑂 [1 +
√

𝑘𝑧
1 + 𝑘𝑧

𝑞−1/2

1 + 𝑞(1 − 𝑎0)] for 𝑞 ≫ 1 and 0 ≤ 𝑧 ≤ ∞, (23)

𝑃1(𝑎, 𝑎0) = 𝑂(√𝑞)
[1 − 𝑞(1 + 𝑎)][1 + 𝑞(1 − 𝑎0)] for 𝑞 ≫ 1. (24)

In the 𝑛-th approximation (𝑛 = 2, 3, …) we have

𝐽𝑛(𝑧, 𝑎0) = −𝑒𝑖𝑘𝑧
𝑛

∑
𝑚=1

(−1)𝑚𝜒𝑚(𝑧, −𝛽𝑚)𝑒𝑖𝑞(𝑚−1)−𝑖𝑥𝛽𝑚++(−1)𝑛 𝑒𝑖𝑞𝑛

𝐷̂𝑛
[𝜒𝑛(2𝑙, 𝛽𝑛)𝑒𝑖𝑥𝛽𝑛 − 𝜒𝑛(2𝑙, −𝛽𝑛) 𝜒𝑛(2𝑙, 1)

𝜒𝑛−1(2𝑙, 1)𝑒𝑖𝑞−𝑖𝑥𝛽𝑛] 𝜒𝑛(𝑧, 1)
𝜒𝑛−1(2𝑙, 1)𝑒𝑖𝑘𝑧, (25)

Φ̃𝑛(𝑎, 𝑎0) = 𝑒𝑖𝑥𝑎
𝑛

∑
𝑚=1

(−1)𝑚𝜑𝑚(𝑎, −𝛽𝑚)𝑒𝑖𝑞(𝑚−1)−𝑖𝑥𝛽𝑚− (26)−(−1)𝑛 𝑒𝑖𝑞𝑛

𝐷𝑛
[𝜑𝑛(1, 𝛽𝑛)𝑒𝑖𝑥𝛽𝑛 − 𝜑𝑛(1, −𝛽𝑛) 𝜑𝑛(1, 1)

𝜑𝑛−1(1, 1)𝑒𝑖𝑞−𝑖𝑥𝛽𝑛] 𝜑𝑛(1, 𝑎)
𝜑𝑛−1(1, 1)𝑒𝑖𝑥𝑎,

where
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𝛽𝑛 = (−1)𝑛𝑎0, 𝐷̂𝑛 = 1−[ 𝜒𝑛(2𝑙, 1)
𝜒𝑛−1(2𝑙, 1)]

2
𝑒2𝑖𝑞, 𝐷𝑛 = 1−[ 𝜑𝑛(1, 1)

𝜑𝑛−1(1, 1)]
2

𝑒2𝑖𝑞, (27)

moreover |𝐷̂𝑛 − 𝐷𝑛| ≤ 𝑂(𝑞−2) for 𝑞 ≫ 𝑛. The functions

𝐽𝑛(𝑧, 𝑎0) = −𝑒−𝑖𝑘𝑧𝑎0 + 𝐽𝑛(𝑧 + 𝑙, 𝑎0) + 𝐽𝑛(𝑙 − 𝑧, −𝑎0),

Φ𝑛(𝑎, 𝑎0) = Φ̃𝑛(𝑎, 𝑎0) + Φ̃𝑛(−𝑎, −𝑎0) (28)

satisfy the boundary conditions

𝐽𝑛(±𝑙, 𝑎0) = 𝐽𝑛(𝑧, ±1) = 0,

Φ𝑛(±1, 𝑎0) = Φ𝑛(𝑎, ±1) = 0, 𝑛 = 1, 2, … , (29)

and the reciprocity principle

Φ𝑛(𝑎, 𝑎0) = Φ𝑛(𝑎0, 𝑎). (30)

The absolute error of 𝐽𝑛 and Φ̃𝑛 has the following upper estimate:

|𝑅𝑛(𝑧, 𝑎0)| ≤ 𝑂 {1 +
√

𝑘𝑧
1 + 𝑘𝑧

𝑞−(𝑛+1)/2

1 + √𝑞 [1 + (−1)𝑛𝑎0]} ,

|𝑃𝑛(𝑎, 𝑎0)| ≤ 𝑂(𝑞−𝑛/2)
[1 + √𝑞(1 + 𝑎)][1 + √𝑞(1 + (−1)𝑛𝑎0)] (31)

for 0 ≤ 𝑧 ≤ ∞ and 𝑞 ≫ 𝑛, 𝑛 = 2, 3, ….

Let us note that formula (20) for the current was obtained by us earlier by the
method of the parabolic equation (3). It is also interesting that the formula of
the first approximation for the scattering pattern (21) is just as simple as the
known expressions from (7,8 ), but has a higher degree of accuracy.

The author expresses gratitude to V. A. Borovikov and L. A. Vainshtein for
useful comments.
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