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MATHEMATICS

A. B. BAKUSHINSKII

ON THE CONSTRUCTION OF REGULARIZ-
ING ALGORITHMS UNDER RANDOM PER-
TURBATIONS
(Presented by Academician A. N. Tikhonov on 8 IV 1969)

1°. Let 𝑋 and 𝐹 be complete Hilbert spaces (real or complex), and let Ω be some
probability space (1), while 𝑥(𝜔) and 𝑓(𝜔) are strongly measurable (2) mappings
of Ω into 𝑋 and 𝐹 , respectively. In the usual way one can define (2) the Banach
spaces 𝐿𝑝(𝑋) and 𝐿𝑝(𝐹) of functions summable to the power 𝑝 with values in
𝑋 and 𝐹 . We also consider a uniformly measurable function 𝐴(𝜔) with values
in the space of linear bounded operators from 𝑋 to 𝐹 . Let 𝐴(𝜔) ∈ 𝐿𝑝′(𝑋 → 𝐹),
where 1/𝑝 + 1/𝑝′ = 1. In this case 𝐴(𝜔) generates a linear bounded operator
from 𝐿𝑝(𝑋) to 𝐿𝑝(𝐹): 𝑦(𝜔) = 𝐴(𝜔)𝑥(𝜔). We pose the problem of constructing
regularizing algorithms (r.a.) (3−6) for finding preimages under the mapping
𝐴(𝜔). We shall be interested only in those r.a. which consist of operators from
𝐿𝑝(𝐹) to 𝐿𝑝(𝑋) of a special form—namely, measurable functions with values in
the space of bounded mappings from 𝐹 to 𝑋 (pointwise r.a.), since usually we
deal with sample values of random variables. Note that the problem of finding
such r.a. formalizes and generalizes the problem, of great practical interest, of
solving the equation

𝐴𝑥 = 𝑓

𝑓 ∈ 𝐹 , 𝑥 ∈ 𝑋, and 𝐴 a linear mapping from 𝑋 to 𝐹 , in the presence of“random”
perturbations of 𝑓 and 𝐴.

It is natural to try to obtain r.a. satisfying the required conditions as follows.
Let {𝐵𝛼} (𝛼 > 0) be a family of (linear) operators from 𝐹 to 𝑋, forming an
r.a. for the triple (𝑋, 𝐴, 𝐹) (for the exact definition see (3−6)). Fixing 𝜔0 ∈ Ω,
we can construct the family 𝐵𝛼(𝜔0) for the triple (𝑋, 𝐴(𝜔0), 𝐹 ). Consequently,
one naturally obtains a mapping of Ω into the space of linear mappings from 𝐹
to 𝑋, 𝐵𝛼(𝜔).
Under what conditions will 𝐵𝛼(𝜔) form an r.a. for (𝐿𝑝(𝑋), 𝐴(𝜔), 𝐿𝑝(𝐹))? The
first result relating to this problem was obtained in (6). The corresponding
assertion from that work, as applied to our case, may be formulated as follows:
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if 𝐴(𝜔) is a degenerate random variable (𝐴(𝜔) p.v.= 𝐴) and the“exact”equation
relates degenerate random variables, then 𝐵𝛼 ̃𝐹 converges in measure to 𝑋, if
𝛿 = ‖ ̃𝐹 − 𝐹‖𝐿𝑝

→ 0, 𝛼 → 0, and 𝛿 and 𝛼 are connected by a certain relation.
In a later work (7) a not quite rigorous attempt was made at a “probabilistic”
justification of one special r.a.—the r.a. of A. N. Tikhonov (3). In the present
work we shall show that the class of r.a. studied in (4,5) (which also includes the
r.a. (3)) induces (as described above) r.a. for the triple 𝐿𝑝(𝑋), 𝐴(𝜔), 𝐿𝑝(𝐹).
As a consequence, a refinement is obtained of the result formulated in (6).
2°. The r.a. studied in (4,5) have the form:

𝐵𝛼 = 𝜓(𝐴∗𝐴, 𝛼)𝐴∗ (𝛼 > 0). (1)

The operator function 𝜑(𝐴∗𝐴, 𝛼) is generated by a complex-valued (in general)
function 𝜓(𝜆, 𝛼) (𝜆 ∈ 𝑆(𝐴∗𝐴)) with the following basic properties:

lim
𝛼→0

𝜆𝜓(𝜆, 𝛼) = 1, 𝜆 ≠ 0; (2)

sup
𝜆∈𝑆(𝐴∗𝐴)

|𝜓(𝜆, 𝛼)|
√

𝜆 = 𝐾𝛼 < ∞ (𝛼 > 0). (3)

Let us suppose, in addition, that 𝜓(𝜆, 𝛼) is continuous for 𝜆 ≥ 0, 𝛼 > 0,

sup
0≤𝜆<∞

|𝜓(𝜆, 𝛼)|
√

𝜆 = 𝐾𝛼, 𝜆𝜓(𝜆, 𝛼) ≥ 𝜆𝜓(𝜆, 𝛼′), 𝛼′ ≥ 𝛼. (4)

These restrictions are not especially constraining, since all r.a. used in compu-
tations satisfy these conditions (5). Formally one may form (for almost all 𝜔)
an expression of the form

𝐵𝛼(𝜔) = 𝜓(𝐴∗(𝜔)𝐴(𝜔), 𝛼)𝐴∗(𝜔). (5)

Theorem 1. The operators (5) form an r.a. for the triple (𝐿𝑝(𝑋), 𝐴(𝜔), 𝐿𝑝(𝐹)).

Theorem 2. If ‖𝐴 − 𝐴‖𝑝 → 0, then ‖𝐵𝛼 − 𝐵‖𝑞 → 0 for fixed 𝛼 (‖𝐴 − 𝐴‖𝑝 =
(∫Ω ‖𝐴(𝜔) − 𝐴(𝜔)‖𝑝 𝑑𝜔)1/𝑝, 𝑞 ≥ 1, and ‖𝐵𝛼 − 𝐵𝛼‖𝑞 is defined correspondingly).

Proofs of the theorems.

A. 𝐵𝛼(𝜔) is measurable for any 𝛼. Choose a system of sets {𝑔𝑛} ⊆ Ω, 𝑔𝑛 ⊂ 𝑔𝑛+1,
such that 𝜇(𝑔𝑛) → 1, 𝑛 → ∞, and ‖𝐴(𝜔)‖ ≤ 𝐶𝑛 < ∞, 𝜔 ∈ 𝑔𝑛. This can be done
since 𝐴(𝜔) ∈ 𝐿𝑝. The union of the spectra of the operators 𝐴∗(𝜔)𝐴(𝜔), 𝜔 ∈ 𝑔𝑛,
is evidently located on the segment [0, 𝐶2

𝑛]. Since, by (4), 𝜓(𝜆, 𝛼) is continuous in
𝜆 on [0, 𝐶2

𝑛], it may be regarded as the limit of a uniformly convergent sequence
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of polynomials 𝑝𝑚(𝜆, 𝛼). The corresponding functions 𝑃𝑚(𝐴∗(𝜔)𝐴(𝜔), 𝛼)𝐴∗(𝜔)
are obviously measurable, and for any 𝜔 ∈ 𝑔𝑛, 𝑃𝑚 → 𝐵𝛼 (uniformly). Therefore

[𝐵𝛼(𝜔)]𝑛 = {𝐵𝛼(𝜔), 𝜔 ∈ 𝑔𝑛,
0, 𝜔 ∉ 𝑔𝑛,

is measurable. But 𝐵𝛼(𝜔) is the limit in measure of [𝐵𝛼(𝜔)]𝑛, and therefore is
also measurable.

B. In view of (4) one may assert that vrai sup𝜔 ‖𝐵𝛼‖ ≤ 𝐾𝛼, and therefore

𝐵𝛼(𝜔) ∈ 𝐿𝑝 (𝑝 ≥ 1).

C. Introduce the function 𝑃(𝜔), where 𝑃(𝜔0) is the orthoprojector onto
ker 𝐴∗(𝜔0)𝐴(𝜔0).
Consider the element 𝑃(𝜔)𝑥(𝜔), 𝑥(𝜔) ∈ 𝐿𝑝. Using the fact that 𝑃(𝜔) is the
strong limit of operator polynomials in 𝐴∗(𝜔)𝐴(𝜔), one may show that 𝑃(𝜔)𝑥(𝜔)
is measurable and 𝑃(𝜔)𝑥(𝜔) ∈ 𝐿𝑝.

D. The rest of the proof follows the usual scheme (3−6). Let 𝑥(𝜔) be some
element of the nonempty preimage 𝐹(𝜔). Then

‖𝐵𝛼(𝜔)𝐹(𝜔) − 𝑃(𝜔)𝑥(𝜔)‖𝑝 ≤

≤ ‖𝐵𝛼(𝜔)𝐴(𝜔)𝑥(𝜔) − 𝑃(𝜔)𝑥(𝜔)‖𝑝 + 𝐾𝛼‖𝐹(𝜔) − 𝐹(𝜔)‖𝑝. (6)

Since {𝐵𝛼} is an r.a. for the triple (𝑋, 𝐴, 𝐹), for almost all 𝜔

‖𝐵𝛼(𝜔)𝐴(𝜔)𝑥(𝜔) − 𝑃(𝜔)𝑥(𝜔)‖𝑋 → 0,

and, moreover, by (4) the convergence is monotone. From the theorem on
termwise integration of monotone sequen-

it follows from the inequalities that ‖𝐵𝛼(𝜔)𝐴(𝜔)𝑧(𝜔)−𝑃(𝜔)𝑥(𝜔)‖𝑝 → 0. Finally,
from (6),

lim
𝛼→0

𝐾𝛼‖ ̃𝐹−𝐹‖𝑝→0

‖𝐵𝛼(𝜔) ̃𝐹 (𝜔) − 𝑃(𝜔)𝑥(𝜔)‖𝑝 = 0.

Theorem 1 is proved.

To prove Theorem 2, we first show that 𝐵̃𝛼 → 𝐵𝛼 in measure. This is done anal-
ogously to item A. From Chebyshev’s inequality (1) and item B, the assertion
of Theorem 2 follows.
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Let us also note that for 𝑝 = 2, 𝐿2(𝑋) and 𝐿2(𝐹) are Hilbert spaces, and the
r.a. for our triple can be constructed directly, using scheme (5). It turns out
that r.a. constructed in this way coincide with those constructed by formula (5).
In this same case one can give a simple probabilistic meaning to the optimal r.a.
(5).

Example. Consider the integral equation

𝐴𝜑 = ∫
𝑏

𝑎
𝐾(𝑠, 𝜏)𝜑(𝜏) 𝑑𝜏 = 𝜂(𝑠). (7)

Suppose that this equation is solvable in the space 𝐿2(𝑎, 𝑏). In the present case
𝑋 = 𝐹 = 𝐿2(𝑎, 𝑏). Suppose that in fact what is known to us is not 𝜂(𝑠), but
̃𝜂(𝑠) = 𝜂(𝑠) + 𝜉(𝑠), where 𝜉 is a realization of some random process, whose

sample trajectories belong to 𝐿2(𝑎, 𝑏). Suppose it is known that

(∫
Ω

‖𝜉(𝑠)‖𝑝
𝐿2

𝑑𝜔)
1/𝑝

≤ 𝛿.

Applying (pointwise in 𝜔) any r.a. for (𝐿2(𝑎, 𝑏), 𝐴, 𝐿2(𝑎, 𝑏)) satisfying (2)—(4),
for example 𝜓(𝜆, 𝛼) = 1/(𝜆+𝛼), to ̃𝜂(𝑠), we may assert that the random variable
𝜓(𝐴∗𝐴, 𝛼)𝐴∗ ̃𝜂 converges in the norm 𝐿𝑝(𝐿2(𝑎, 𝑏)) to the exact solution of (7)
under the condition 𝐾𝛼𝛿 → 0, 𝛼 → 0.

I express my deep gratitude to V. Ya. Arsenin for his attention to the work and
for useful remarks.

Moscow State University
named after M. V. Lomonosov

Received
20 III 1969
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