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We consider the boundary-value problem:

k
Ary(ty,ty) — ZPjASy(tutz) = f(t1,t),
§=0

y‘ogt1<5l =g(ty,ty). (1)

Here y(t,,t5), f(ty,t5), g(ty,t5) are vector functions with values belonging to
some complex Banach space E, given in the domain 0 < ¢;,¢, < oo and bounded
in every domain 0 < ¢; < a; < 0o, 1 = 1,2. The coefficients of the equation P;
(j =0,1,2,..., k) are linear operators acting in E. In contrast to (°,%), we do

not require pairwise commutativity of these operators.

A, A, are difference operators:
Ayy(ty,ty) = [y(ty + 01, ty) —y(ty,t2)] /04,
Agy(ty,ty) = [y(ty,ty +05) —y(ty,15)] /0.

(61,05 > 0)

The system (1) does not belong to the class of equations considered by M. A.
Rutman in (3), since it has no leading term.

In the present paper, necessary and sufficient conditions are obtained under
which to every pair of vector functions f(¢1,t,) and g(t;,t5), bounded in the do-
main 0 < ¢,,t, < 0o, there corresponds a bounded solution y(t;,t,) of problem
(1). Such a problem will be called stable.
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Consider the family of operators Zj:o Pjoﬂ , where « ranges over the closed disk

|z 4+ 1/65] < 1/65. Let I, be the set of spectral points of this family. (By the
spectrum of an operator A we mean the set of points A at which A — A\I has no
bounded inverse.)

Theorem 1. In order that problem (1) be stable, it is necessary and sufficient
that the set I1, lie inside the disk |z+1/6,| < 1/0;.

Without loss of generality, we shall consider problem (1) with zero initial con-
ditions. We transform system (1) into the form

k
Ary(ty,ty) — Zij(t17t2 +763) = f(t1,t2),

Jj=0

y|0§t1<51 =0, (2)

where the coefficients (), are related to P; by certain linear relations. Taking
these relations into account, we obtain the following equivalent formulation of
the theorem.

Problem (2) is stable if and only if the set of spectral points of the family of
operators Zf:o Qjaj , where a runs over the closed unit circle, lies inside the
circle |z + 1/0,| < 1/6;.

It is easy to show that system (2) is equivalent to the equation

x>

Yty ty) — > 81Qy (o + §05) = Sy f(ty, 1),

J=0

or

Y(ty,ty) — S1Ay(ty,ty) = S1f(t1,ts). (3)

The vector-functions y(ty,t5) and f(¢;,t,) on the grid {t; = ndy; t5 =
mdy; n,m = 0,1,2,...} define infinite matrices whose entries are vectors from

E.

The operator A on the indicated grid is realized by the infinite matrix:

Qo @ - - - Qp 0 0 :
A= 0 Qo Q1 . . ' Qk—l Qk 0 o
0 0 Q @ - - : Q1 Qr - - -]

where Q; (j =0,1,2,..., k) are operators acting in E.
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S, is the operator inverse to the difference operator A;. On the grid under
consideration it is realized by multiplying the matrix {f(nd;,mdy)}:°,,—o on
the right by the infinite matrix

0 61 6,1 -
0 0 61 -
0 0 0 -
(0 and I are, respectively, the zero and identity operators acting in the space

The solution of equation (3) can be represented in the form:

y = —(2mi)"! 75(1 NS A—ADTIS AN (4)

(see (1)). Here ~ is an arbitrary contour surrounding the spectrum of the oper-
ator A.

In what follows the following lemma is used.

Lemma. Every spectral point of the operator A belongs to the spectrum of the
operator

for some |a] < 1.
We give the scheme of the proof of the theorem.

Sufficiency. The condition of the theorem makes it possible to choose the
contour 7 so that it lies entirely inside the circle |z+1/6;| < 1/d;. The operator
(I —\S;)~LS, is represented in the form

0 61 & (14X 8,(1+A6,)%T 6,(1+X6,)%T -
(I—XS)'s,=[0 o0 5,1 S (L4 AT 6,(1+A6,)2T
0 0 0 5,1 8, (14 A3y T

It follows from this that this operator is uniformly bounded on the contour ~.
Sufficiency is easily obtained from formula (4).

Necessity. Suppose first that for some o (|ag| < 1) the operator

k

Z Qjo‘%

J=0
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has a spectral point A, lying outside

of the circle |z + 1/6;| < 1/4;. For simplicity we restrict ourselves to the case
when )\, is an eigenvalue and g, is the corresponding eigenvector:

k
Z QjOé(J)go = AoYo-
j=0

As the right-hand side of equation (2) we take the vector-function which, on the
grid {t; = nd,, ty =mdy, n,m =0,1,2,...}, defines the matrix

Y0 Y90 90
ogo Gp9p *pGp |-
0‘390 0‘%90 O‘ggo
Then (Al — A)f, =0 and
()\I - A)fo = ()‘ - )‘o)fo-

Hence

1y Jo
()\I_A> 1f0_)\_)\0'

Substituting this expression into the solution formula (4), we obtain

y=(I—XS1)""S1 fo.

From this the unboundedness of the solution y follows immediately.

If A\, lies on the boundary of the circle |z 4+ 1/d;] < 1/4;, then the right-hand
side must be given by the matrix

i 2i

gO goe@ goe 2‘10

X3

04(2)90 0‘0906"0 04(2)9032? .
3

@590 O4090e<‘J aggoe?

where € =1+ \yd;.

Using the methods developed in (2-4), one can extend the result obtained to
equations with variable coeflicients. Consider the boundary-value problem

k

Ary(ty,ty) ZPj t,ty) zy(thtz) = f(t1,ts), (5)
7=0
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y‘0£t1<61 = g(t1,ts).

We shall assume that the operator-coefficients P;(t;,t,) satisfy the following
conditions:

1. The operator-functions P;(ty,t5) (j = 0,1,2,...,k) are continuous
throughout the entire domain of variation of the independent variables.

2. All families P;(t;,t,) are compact.

3. The Pj(t;,t;) have weak variation at ¢;-infinity.

This means that for every € > 0 there exists T = T(e) such that from the
conditions

t1>T, t1>T, |t — |+ [t5 —t5] <1
it follows that
1P;(t1, t5) — Py(t1, t5)] <e.
Consider all possible w; -limit operators P;w”), generated by sequences of points

ty’,1y ), common for a (11,%5) (1 =0,1,2,..., k), with ;7 — oo. Form the
(m) 409 for all Pj(ty,t,) (j = 0,1,2, ..., k), with ¢} Form th
family of operators

k
(‘*’tl) i
Y Bl
=0

where « ranges over the closed circle |z + 1/d5] < 1/d,. Let Q,, be the set of
points of the spectrum of this family.

Theorem 2. In order that, in problem (5), every bounded vector-functions
f(ty,ty) and g(tq,t,) correspond to a bounded solution y(t,t,), it is necessary
and sufficient that the set Q,, lie inside the circle |z + 1/d;] < 1/4;.

The results presented are applicable, in particular, to the problems

Agy(ty,ty) —aloy(ty, ty) — Aty ta)y(ty, ta) = f(t1,t2),
y|0§t1<51 = g(tl’t2>’

Aqy(ty,ty) — GQAgy(tp ty) — Aty ta)y(ty, ty) = f(t1,ts),
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y‘0£t1<61 = g(tla t2)

(a is a real number), which are difference analogues of the differential problems

Ou/Ot —adu/dx — Az, t)u = f(x,t),

u(z,0) = ¢(x);

Ou/ot — a?0%u)0x? — Az, t)u = f(x,t),

u(z,0) = ¢(x),

considered by E. Ya. Melamed in (4). The stability criteria established by him
for these problems can be obtained from the last theorem as limiting cases.
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