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CALCULATION OF THE DIFFUSION-SLIP
VELOCITY OF A BINARY GAS MIXTURE

In work (1), the diffusion-slip velocity of a binary gas mixture situated above
a solid plane wall in the presence of a concentration gradient of one of the
components tangential to the wall was calculated. The diffusion-slip velocity
was obtained on the basis of the distribution function of gas molecules near the
wall. In finding the distribution functions, the assumption, indicated already by
Maxwell (?), was used that the distribution functions near the wall of molecules
incident upon it do not differ from the distribution in the bulk of the gas. In
reality, as a result of collisions of molecules incident on the wall with molecules
reflected from the latter, the bulk distribution functions in the Knudsen layer
are substantially distorted.

In our work the distribution functions are determined from model Boltzmann
equations, which are linearized since the concentration gradient of one of the
components tangential to the wall is small. The distribution functions of both
incident and reflected molecules within the Knudsen layer depend on the dis-
tance to the wall.

Let us consider a binary gas mixture situated above a solid wall in a field
of a concentration gradient of one of the components tangential to the wall.
We choose the origin of coordinates on the surface of the wall. The z-axis is
directed along the normal, and the y-axis along the surface. Let v, and v, be
the velocities of molecules of the first and second components in a coordinate
system fixed to the stationary wall. The model Boltzmann equations for the
distribution functions of the first and second gases will have the form

ofy o _ 1" —F ,_
Vig or +Uiy 8y - T ) 1= 1727 (1)

3

where fl-(0> are local Maxwellian distribution functions for the mixture of gases
moving with mass velocity U(z). Using the smallness of U(z) in comparison
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with the velocities of thermal motion of the molecules, we may represent fl-(o) by
the expressions

m,
fi(()) = fioll+ k—TuiyU(x) , (2)

2

where f;) = ni(mi/gﬂkT)S/zefci E

To obtain a definite solution of system (1), it is necessary to prescribe boundary
conditions at the wall. We shall assume that the molecules reflected from the
wall have an isotropic Maxwellian velocity distribution

f;r(o,y7ci) = ina (3)

where f" = f;(x,y,¢c,;) for u; >0, and f; = f;(z,y,c;) for u; <O0.
* ¢, = (m;/2kT)"?v, denotes the dimensionless molecular velocity,
¢ = (ug; v w;).

We shall seek the solution in the form

fzi :in [1+\Iji(ooayvci)+q)ft(xvci)]’ (4)

where f,,(1+ ¥;) is the Chapman—Enskog distribution (*). The ¥, are given
by the formulas:

v, = (‘Uido b2 U; %, (5)
pniy/m; " Oy
2n

where p; = n;m;, p = p; + py, dy = D,y (D, is the diffusion

ninyV 2kT

coefficient).

We shall seek the correction to the distribution function in the form:

DE(z,¢;) = v;p5 (T, u;). (6)

Substituting the distribution functions (4) into equations (1) and determining 7;
so that, at large distances from the wall, the distribution functions coincide with
the Chapman—Enskog distribution, we obtain equations for ¢,(z,w;), defined
by means of (6),

m.;

)/ Gy, )

mg

U; aaif +0;0;(x,u;) = 26; (
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where G(z) = (mo/2kT)2U(x), my = my + my, 0; = p/m;/dop,py. The
quantity G(z) is expressed in terms of the functions ¢, as follows:

1 P mg 1/2 too 2
Glz)=—%=) —|— e % du,. 8
W=z rl(5) [ et ®
From (3) it is easy to obtain the boundary conditions for the functions ¢,:

) ou
+ 0,u,) = (-1 it+1 P1P2 L _
901( ul) ( ) 0 pnz\/,n,TZ ay (Al

Taking G(z) as a known function, it is easy to write the solution of equations
(7), with allowance for the boundary conditions (9),

1/2 T
0. , 0. 0,5\ d
of =C,exp (—ﬂ> + 26, (Tn’) exp (—’x> / G(s) exp (’S> —S,
U, mg U; o Ui ) Uy
m. 1/2 0.x * 0.s\ ds
o7 = —20, (Z) exp (z) / G(s) exp (—Z) —. (10)
my Ui J Joo Ui ) Uy

Substituting (10) into expression (8), we obtain the integral equation for G(z)

mg

Gl) = % Z (Tg)m % {Oijo(eix) +  (11) +26; (mi)m /Oz G(8)J_1[0;(x — s)] ds — 20, (:;)1/2

where J, () are defined by the expressions (*)

T () = / pne-(2+0/1) gt
0

In what follows, for simplicity, we shall consider the particular case in which the
density of one component is significantly greater than the density of the other,
Ng > MNy.

* The functions ¢; may be regarded as depending only on = and u;, since |dp,/dz| > |0y, /dy|.
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Let us integrate expression (11) by parts. Then, in order to give the equation a
more convenient form, let us integrate both sides of the equation with respect
to z from zero to oco; taking into account that all terms containing x vanish as
x — 00, we obtain the following integral equation for dG(s)/ds:

/O°° di(:) J(lz—s|)ds = —G(0)J, (x) + o, J; (\/ZI) +ayJy(2), (12)

where

_ domy <m0m1 > i ony o — _domy (momf ) 2 ony

a = = .
Y oon, U omy oy’ 2 2ny \ m3 dy

Introduce the functions G;(s) and G5(s) by means of the relation
G(s) = a,G1(s) + ayGy(s). (13)
We choose G, (s) and G,(s) so that they satisfy the equations

/0°° Mjl(‘x_sbdsz —G(0)J,(z) + J; ( mlx) + Jo(x), (14)

ds My

/ %S(S)Jlﬂx—ﬂ)ds:ng(O)Jl(x)JrJl(:z:)—%Jz(x), (15)
0 2

The solution of equations (14), (15) was indicated by Uhlenbeck (°), who used
a method developed by Wiener (6). In (°) it is shown that the solution can be
reduced to the form

1 [ 4
7 —iws >
dGl(S) . 27‘( ZOO Zz(w)e dwa S =2 07 (16)
ds
0, 5 <0,
+o00
2 (w) = / dciliss) e™s ds. (17)

oo

The z;(w) are given by the expressions
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where

oo . ® p2e7%" dx m 1/2
w6 = [ aaberap=2 [T EEE =() NE
—00 0

1+ 52227 Mo

Unfortunately, these integrals cannot in the general case be evaluated analyti-
cally. However, it is not difficult to obtain two interesting results, namely the
values G;(0) and G;(00).

It follows from expression (16) that, in order for the function dG;/ds to be
integrable, z;(w) must tend to zero as w — oco. Therefore, since & (w) is of order
O(1/w) as w — oo, from (18) and (19) we obtain G,(0).

From relation (17), for w = 0 we obtain

*daG,

4(0) = / it =) -0, (22)

From the relations obtained, G,(c0) are determined, after which it is easy to
determine the slip velocity:

Uy = V2kT /my G(0).

After simple calculations we obtain the formula for the diffusion slip velocity:

p(my /my)\/my /my —my /my D 28711
1 .
Ny Oy

Usk =

1 is given by the expression
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where

_ [T yep(=y’)dy _ [T yexn(—y®)dy
ﬁl_/o &(—iafy) Pa /0 L(=illy)

Y R exp(—y?) dy _(ma )P a0y exp(—y?) dy
ﬁ?’*(W) /0 &(—illy) 64(%) (;> /0 &(—iafy)

In the integrals §;, & (—ia/y) is expressed by means of the formula

§o(—ia/y) = exp (2177/ YRy as) 28 Inj (as) ds) .

o 1+ s%y?

The numerical calculation of the integrals carried out by us for the particular
case my/my = 29/18 gives the values 5; = 1.182, 3, = 1.324, 85 = 0.9921, 38, =
1.132.

For the case my/m; = 29/18 and ny > n,, we obtain for the diffusion slip
velocity the expression

19
Uy = 0.277D12;28—Z.

The result given by our formula is 1.66 times greater than that given by Brock’
s formula (1).
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