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MATHEMATICS

V. K. MELNIKOV

ON A CERTAIN FAMILY OF CONDITION-
ALLY PERIODIC SOLUTIONS OF A HAMIL-
TONIAN SYSTEM
(Presented by Academician A. N. Kolmogorov on 22 IV 1968)

Consider the Hamiltonian system

̇𝑥 = −𝜕𝐻/𝜕𝑦, ̇𝑦 = 𝜕𝐻/𝜕𝑥 (𝑥 = (𝑥1, … , 𝑥𝑚), 𝑦 = (𝑦1, … , 𝑦𝑚)),

̇𝑝 = −𝜕𝐻/𝜕𝑞, ̇𝑞 = 𝜕𝐻/𝜕𝑝 (𝑝 = (𝑝1, … , 𝑝𝑛), 𝑞 = (𝑞1, … , 𝑞𝑛)) (1)

with a Hamiltonian function 2𝜋-periodic in 𝑞, and suppose that system (1) has
a conditionally periodic solution

𝑥 = 𝑓(𝜑), 𝑦 = 𝑔(𝜑), 𝑝 = 𝑟(𝜑), 𝑞 = 𝜑 + 𝑠(𝜑), 𝜑̇ = 𝜔, (2)

where 𝑓, 𝑔, 𝑟, 𝑠 are 2𝜋-periodic functions of 𝜑, and 𝜔 = (𝜔1, … , 𝜔𝑛) are constants.
Suppose further that 𝑓, 𝑔, 𝑟, 𝑠 are analytic functions of 𝜑 in the strip | Im𝜑| < 𝜌
(𝜌 > 0), the determinant det |𝐸𝑛 + 𝜕𝑠/𝜕𝜑| is different from zero in this strip,
and the function 𝐻 is analytic in 𝑥, 𝑦, 𝑝, 𝑞 in some neighborhood of the solution
(2). Under these conditions the change of variables

𝑥 = 𝑓(𝜑) + 𝜉, 𝑦 = 𝑔(𝜑) + 𝜂,

𝑝 = 𝑟(𝜑) + (𝐸𝑛 + 𝜕𝑠
𝜕𝜑)

−1
(𝐼 − 𝜕𝑔

𝜕𝜑𝜉 + 𝜕𝑓
𝜕𝜑𝜂) , 𝑞 = 𝜑 + 𝑠(𝜑)

brings system (1) to the form

̇𝜉 = −𝜕ℋ/𝜕𝜂, ̇𝜂 = 𝜕ℋ/𝜕𝜉, ̇𝐼 = −𝜕ℋ/𝜕𝜑, 𝜑̇ = 𝜕ℋ/𝜕𝐼,
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where

ℋ = 𝐻 (𝑓(𝜑) + 𝜉, 𝑔(𝜑) + 𝜂, 𝑟(𝜑) + (𝐸𝑛 + 𝜕𝑠
𝜕𝜑)

−1
(𝐼 − 𝜕𝑔

𝜕𝜑𝜉 + 𝜕𝑓
𝜕𝜑𝜂) 𝜑 + 𝑠(𝜑)) ,

and, according to the equalities (1), (2), for 𝜉 = 𝜂 = 𝐼 = 0 we have 𝜕ℋ/𝜕𝜉 =
𝜕ℋ/𝜕𝜂 = 0, 𝜕ℋ/𝜕𝐼 = 𝜔.
Let us now take, as the starting point of the considerations given above, any
one of the conditionally periodic solutions obtained in work (1). In this case, on
the basis of the results of work (1), there exists a canonical change of variables

𝜉 = 𝜕𝑉 /𝜕𝜂, 𝑣 = 𝜕𝑉 /𝜕𝑢, 𝐼 = 𝜕𝑉 /𝜕𝜑, 𝜓 = 𝜕𝑉 /𝜕𝑧 (3)

with a generating function 𝑉 of the form

𝑉 = 𝑢𝜂+𝑧𝜑+ 1
2 𝛼(𝜑)𝑢2+𝛽(𝜑)𝑢𝜂+ 1

2 𝛾(𝜑)𝜂2++𝜒(𝜑)𝑢𝑧+𝜏(𝜑)𝜂𝑧+ 1
2 𝜒(𝜑)𝑧2 (4)

such that the matrices 𝛼, 𝛽, 𝛾, 𝜅, 𝜏, 𝜒 are 2𝜋-periodic functions of 𝜑, analytic in
𝜑 in the strip | Im𝜑| < 𝜌′ (𝜌′ > 0), the determinant det |𝐸𝑚 + 𝛽| is different
from zero in this strip, and the expansion of ℋ in a series in powers of 𝑢, 𝑣, 𝑧
has the form

ℋ = ℋ0 + 𝜔𝑧 + 1
2 𝑎𝑢2 + 𝑏𝑢𝑣 + 1

2 𝑐𝑣2 + 1
2 𝑑𝑧2 + ⋯ , (5)

where the dots denote terms of higher order, and ℋ0 and the matrices 𝑎, 𝑏, 𝑐, 𝑑
do not depend on 𝜓.
Suppose now that all eigenvalues of the matrix

∣ −𝑏′ −𝑐
𝑎 𝑏 ∣ (6)

are simple, and among them there are 2𝑙 (1 ≤ 𝑙 ≤ 𝑚) purely imaginary eigen-
values 𝜆1 = 𝑖𝜈1, … , 𝜆𝑙 = 𝑖𝜈𝑙, 𝜆𝑚+1 = −𝑖𝜈1, … , 𝜆𝑚+𝑙 = −𝑖𝜈𝑙. In this case the
canonical change of variables (3) with generating function of the form (4) can
be chosen so that the expansion (5) takes the form

ℋ = ℋ0 + 𝜔𝑧 + 1
2𝜈𝑢̂2 + 1

2𝐴0𝑢̌2 + 𝐵0𝑢̌ ̌𝑣 + 1
2𝐶0 ̌𝑣2 + 1

2𝜈 ̂𝑣2 + 𝑑𝑧2 + ⋯ , (7)
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where 𝑢̂ = (𝑢1, … , 𝑢𝑙), ̂𝑣 = (𝑣1, … , 𝑣𝑙), 𝑢̌ = (𝑢𝑙+1, … , 𝑢𝑚), ̌𝑣 = (𝑣𝑙+1, … , 𝑣𝑚),
𝜈 = (𝜈1, … , 𝜈𝑙), and the matrices 𝐴0, 𝐵0, 𝐶0 do not depend on 𝜓.
For most of the conditionally periodic solutions obtained in [1] there exists a
constant 𝐾 > 0 such that, for any integer 𝑘 = (𝑘1, … , 𝑘𝑛) ≠ 0, the inequalities

∣
5

∑
𝑗=1

𝜆𝛼𝑗
+ 𝑖(𝜔, 𝑘)∣ ≥ 𝐾

|𝑘|𝑛+1 , ∣
6

∑
𝑗=1

𝜆𝛼𝑗
+ 𝑖(𝜔, 𝑘)∣ ≥ 𝐾

|𝑘|𝑛+1 , (8)

hold, where |𝑘| = |𝑘1| + ⋯ + |𝑘𝑛|, (𝜔, 𝑘) = 𝜔1𝑘1 + ⋯ + 𝜔𝑛𝑘𝑛, and the 𝜆𝛼𝑗
are

arbitrary eigenvalues of the matrix (6). Proceeding from this, assume that, for
the solution (2), the inequalities (8) are satisfied. Suppose, further, that the sum
∑5

𝑗=1 𝜆𝛼𝑗
is different from zero for all 𝛼𝑗 = 1, … , 2𝑚, while the sum ∑6

𝑗=1 𝜆𝛼𝑗
vanishes only in the case when the eigenvalues 𝜆𝛼𝑗

are combined pairwise so that
the sum of each pair is zero. Hence, taking account of equality (7), it follows
that there exists a canonical change of variables 𝑢 = 𝜕𝑉 /𝜕𝑣, 𝑦 = 𝜕𝑉 /𝜕𝑥, 𝑧 =
𝜕𝑉 /𝜕𝜓, 𝑞 = 𝜕𝑉 /𝜕𝑝 with generating function 𝑉 of the form

𝑉 = 𝑥𝑣 + 𝑝𝜓 +
6

∑
𝑠=3

𝑉𝑠(𝑥, 𝑣, 𝑝, 𝜓),

where 𝑉𝑠 is a homogeneous polynomial of degree 𝑠 in the variables 𝑥, 𝑣, 𝑝, whose
coefficients are 2𝜋-periodic functions of 𝜓, analytic in 𝜓 in the strip | Im𝜓| < 𝜌′,
such that in the new variables the equality

ℋ =
6

∑
𝑠=0

ℋ𝑠(𝑝, 𝜏)+1
2

4
∑
𝑠=0

{𝐴𝑠(𝑝, 𝜏) ̌𝑥2+2𝐵𝑠(𝑝, 𝜏) ̌𝑥 ̌𝑦+𝐶𝑠(𝑝, 𝜏) ̌𝑦2}+𝑃4( ̌𝑥, ̌𝑦, 𝑝, 𝜏)+ℋ∗(𝑥, 𝑦, 𝑝, 𝑞), (9)

holds, where 2𝜏 = (𝑥2
1 + 𝑦2

1, … , 𝑥2
𝑙 + 𝑦2

𝑙 ); ̌𝑥 = (𝑥𝑙+1, … , 𝑥𝑚); ̌𝑦 = (𝑦𝑙+1, … , 𝑦𝑚);
ℋ𝑠, 𝐴𝑠, 𝐵𝑠, 𝐶𝑠 are homogeneous polynomials of degree 𝑠 in the variables 𝑝, 𝜏 ;
the polynomial 𝑃4 contains no powers of ̌𝑥, ̌𝑦 lower than the fourth, and the
expansion of ℋ∗ in a series in powers of 𝑥, 𝑦, 𝑝 contains no terms lower than the
seventh degree. Proceeding from equality (9), put

ℋ = 𝐻̄(𝐽) + 1
2𝐴(𝐽)𝑧2 + 𝐵(𝐽)𝑧𝑤 + 1

2𝐶(𝐽)𝑤2 + 𝐻∗(𝑧, 𝑤, 𝐽, 𝜃), (10)

where 𝑧 = ̌𝑥, 𝑤 = ̌𝑦, 𝐽 = (𝑝, 𝜏), 𝜃 = (𝑞, 𝜎),

𝜎 = (arctg 𝑦1
𝑥1

, … , arctg 𝑦𝑙
𝑥𝑙

) ,
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𝐻̄ =
6

∑
𝑠=0

ℋ𝑠, 𝐴 =
4

∑
𝑠=0

𝐴𝑠, 𝐵 =
4

∑
𝑠=0

𝐵𝑠, 𝐶 =
4

∑
𝑠=0

𝐶𝑠.

In this situation the following theorem holds.

Theorem. Suppose a Hamiltonian system is given

̇𝑧 = −𝜕ℋ/𝜕𝑤, 𝑤̇ = 𝜕ℋ/𝜕𝑧 (𝑧 = (𝑧1, … , 𝑧𝑚′), 𝑤 = (𝑤1, … , 𝑤𝑚′)), (11)

̇𝐽 = −𝜕ℋ/𝜕𝜃, ̇𝜃 = 𝜕ℋ/𝜕𝐽 (𝐽 = (𝐽1, … , 𝐽𝑛′), 𝜃 = (𝜃1, … , 𝜃𝑛′))

with Hamiltonian function (10), satisfying the following conditions:

1. ℋ is a 2𝜋-periodic function of 𝜃, analytic in 𝑧, 𝑤, 𝐽, 𝜃 in a domain of the
form

|𝑧, 𝑤| ≤ 𝑅0, |𝐽1| ≤ 𝜀, … , |𝐽𝑛| ≤ 𝜀, |𝐽𝑛+1 − 2𝜀| ≤ 𝜀, … ,
… , |𝐽𝑛′ −2𝜀| ≤ 𝜀, | Im 𝜃| < 𝜌0 (𝑅0 > 0, 𝜌0 > 0, 0 < 𝜀 < 𝜀0, 0 ≤ 𝑛 ≤ 𝑛′).

2. For 0 < 𝜀 < 𝜀0 and 𝑧 = 𝑤 = 0, in the domain

|𝐽1| ≤ 𝜀, … , |𝐽𝑛| ≤ 𝜀, |𝐽𝑛+1 − 2𝜀| ≤ 𝜀, … , |𝐽𝑛′ − 2𝜀| ≤ 𝜀, | Im 𝜃| ≤ 𝜌0

the inequalities hold

|𝐻∗| ≤ 𝜀3𝜇, |𝜕𝐻∗/𝜕𝜒| ≤ 𝜀5/2𝜇, |𝜕2𝐻∗/𝜕𝜒2| ≤ 𝜀2𝜇, |𝜕3𝐻∗/𝜕𝜒3| ≤ 𝜀3/2, (12)

where 𝜒 = (𝑧, 𝑤) and 𝜇 = 𝑂(√𝜀).
3. 𝐻, 𝐴, 𝐵, 𝐶 are analytic functions of 𝐽 in some neighborhood of 𝐽 = 0, and

for 𝐽 = 0
det |𝜕2𝐻/𝜕𝐽2| ≠ 0, (13)

and all eigenvalues 𝜆𝛼 = 𝜆𝛼(𝐽) of the matrix

Γ = ∣−𝐵′ −𝐶
𝐴 𝐵 ∣

for 𝐽 = 0 are simple and satisfy an inequality of the form

𝑛′

∑
𝑠=1

(𝜕𝜆𝛼
𝜕𝐽𝑠

+ 𝜕𝜆𝛽
𝜕𝐽𝑠

+ 𝑖
𝑛′

∑
𝑟=1

𝑘𝑟
𝜕2𝐻

𝜕𝐽𝑟 𝜕𝐽𝑠
)

2

≠ 0, (13’)

where 𝑘𝑟 are arbitrary integers.
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Then there exists a decomposition ℰ = ℰ1 ∪ ℰ2 of the domain

ℰ = {−𝜀 ≤ 𝐽1 ≤ 𝜀, … , −𝜀 ≤ 𝐽𝑛 ≤ 𝜀, 𝜀 ≤ 𝐽𝑛+1 ≤ 3𝜀, … , 𝜀 ≤ 𝐽𝑛′ ≤ 3𝜀}

such that mesℰ2/mesℰ → 0 as 𝜀 → 0, and for any 𝐽 ∗ ∈ ℰ1 there exists a
torus 𝑇𝐽∗ , invariant with respect to the motions of system (11), possessing the
following properties:

1. The invariant tori 𝑇𝐽∗ are given by parametric equations

𝑧 = 𝑍𝐽∗(𝑄), 𝑤 = 𝑊𝐽∗(𝑄), 𝐽 = 𝐹𝐽∗(𝑄), 𝜃 = 𝑄 + 𝐺𝐽∗(𝑄),

where 𝑍𝐽∗ , 𝑊𝐽∗ , 𝐹𝐽∗ , 𝐺𝐽∗ are 2𝜋-periodic functions of 𝑄, analytic in 𝑄 in
the strip

| Im𝑄| ≤ 1
2 𝜌0.

2. The motion on the torus 𝑇𝐽∗ is conditionally periodic with 𝑛′ frequencies

𝜔 = (𝜔1, … , 𝜔𝑛′),

i.e.
𝑄̇ = 𝜔,

where 𝜔 = 𝜕𝐻/𝜕𝐽 for 𝐽 = 𝐽 ∗.

The proof of this theorem is based on the following. Let 𝐻0, 𝐻𝜒, 𝐻𝜒𝜒 denote,
respectively, the values of the function 𝐻∗ and of its partial derivatives with
respect to 𝜒 = (𝑧, 𝑤) for 𝑧 = 𝑤 = 0. Put

𝐻̄ = 𝐻 + 𝐻̄0, 𝐻̂0 = 𝐻0 − 𝐻̄0, 𝐻̂𝜒𝜒 = 𝐻𝜒𝜒 − 𝐻̄𝜒𝜒,

where

𝐻̄0 = (2𝜋)−𝑛′ ∮ 𝐻0(𝐽, 𝜃) 𝑑𝜃, 𝐻̄𝜒𝜒 = (2𝜋)−𝑛′ ∮ 𝐻𝜒𝜒(𝐽, 𝜃) 𝑑𝜃

and the integral is taken over the surface of the 𝑛′-dimensional torus. We now
perform the canonical change of variables

𝑧 = 𝜕𝑉 /𝜕𝑤, 𝑤′ = 𝜕𝑉 /𝜕𝑧′, 𝐽 = 𝜕𝑉 /𝜕𝜃, 𝜃′ = 𝜕𝑉 /𝜕𝐽 ′, (14)

with generating function 𝑉 of the form

𝑉 = 𝑧′𝑤+𝐽 ′𝜃+𝑆0(𝐽 ′, 𝜃)+𝑆𝑧(𝐽 ′, 𝜃)𝑧′+𝑆𝑤(𝐽 ′, 𝜃)𝑤+ 1
2 𝑆𝑧′𝑧′(𝐽 ′, 𝜃)𝑧′2+𝑆𝑧′𝑤(𝐽 ′, 𝜃)𝑧′𝑤+ 1

2 𝑆𝑤𝑤(𝐽 ′, 𝜃)𝑤2,

satisfying the system of equations

(𝜔, 𝜕𝑆0/𝜕𝜃) + [𝐻̂0(𝐽 ′, 𝜃)]𝑁 = 0,

(𝜔, 𝜕𝑆𝜒/𝜕𝜃) + Γ̄′𝑆𝜒 + [𝐻𝜒(𝐽 ′, 𝜃)]𝑁 = 0, (15)
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(𝜔, 𝜕𝑆𝜒𝜒/𝜕𝜃) + Γ̄′𝑆𝜒𝜒 + 𝑆𝜒𝜒Γ̄ + [𝐻̂𝜒𝜒(𝐽 ′, 𝜃)]𝑁 + Δ(𝐽 ′)

− [
𝑚′

∑
𝛼=1

(𝑆𝑧𝛼

𝜕𝐻𝜒𝜒
𝜕𝑤𝛼

− 𝑆𝑤𝛼

𝜕𝐻𝜒𝜒
𝜕𝑧𝛼

)]
𝑁

+
𝑛′

∑
𝛼=1

𝐿 𝜕Γ̄
𝜕𝐽𝛼

𝜕𝑆0
𝜕𝜃𝛼

= 0.

where 𝜔 = 𝜕𝐻/𝜕𝐽 ′, Γ = Γ − 𝐿𝐻𝜒𝜒, 𝑆𝜒 = (𝑆𝑧′ , 𝑆𝑤), 𝜕𝐻𝜒𝜒/𝜕𝑧𝛼 and 𝜕𝐻𝜒𝜒/𝜕𝑤𝛼
are third-order derivatives of 𝐻∗ at 𝑧 = 𝑤 = 0,

Δ = (2𝜋)−𝑛′
𝑚′

∑
𝛼=1

∮ (𝑆′
𝑧𝛼

𝜕𝐻𝜒𝜒
𝜕𝑤𝛼

− 𝑆𝑤𝛼

𝜕𝐻𝜒𝜒
𝜕𝑧𝛼

) 𝑑𝜃,

𝐿 = ∣ 0 𝐸𝑚′

−𝐸𝑚′ 0 ∣ , 𝑆𝜒𝜒 = ∣𝑆𝑧′𝑧′ 𝑆𝑧′𝑤
𝑆𝑧′𝑤 𝑆𝑤𝑤

∣ ,

and, for an 𝑓 of the form 𝑓 = ∑∞
|𝑘|=0 𝑓𝑘𝑒𝑖(𝑘,𝜃), the symbol [𝑓]𝑁 denotes

∑|𝑘|<𝑁 𝑓𝑘𝑒𝑖(𝑘,𝜃).

Take the domain ℰ∗ = {|𝐽1| ≤ 𝜀, … , |𝐽𝑛| ≤ 𝜀, |𝐽𝑛+1 −2𝜀| ≤ 𝜀, … , |𝐽𝑛′ −2𝜀| ≤ 𝜀},
and suppose that in the domain ℰ𝛿

𝑁 ⊂ ℰ∗ − 𝜀𝛽* the inequalities |(𝜔, 𝑘)| ≥
𝜀𝛿|𝑘|−(𝑛′+1), |𝜆𝛼+𝑖(𝜔, 𝑘)| ≥ 𝜀𝛿|𝑘|−(𝑛′+1), |𝜆𝛼+𝜆𝛽+𝑖(𝜔, 𝑘)| ≥ 𝜀𝛿|𝑘|−(𝑛′+1) hold for
all integer 𝑘 = (𝑘1, … , 𝑘𝑛′) such that 0 < |𝑘| < 𝑁 , and for arbitrary eigenvalues
of the matrix Γ. Then, according to inequalities (12), for sufficiently small 𝛽 > 0,
𝛿 > 0, the system of equations (15) has, in the domain 𝐽 ′ ∈ ℰ𝛿

𝑁 , | Im 𝜃| ≤ 𝜌0 −2𝛿,
a solution analytic in this domain and satisfying the inequalities

|𝑆0| ≤ 𝜀2𝜇𝛿−𝜒, |𝑆𝑧′ , 𝑆𝑤| ≤ 𝜀3/2𝜇𝛿−𝜒, |𝑆𝑧′𝑧′ , 𝑆𝑧′𝑤, 𝑆𝑤𝑤| ≤ 𝜀𝜇𝛿−2𝜒,

where 𝜒 = 2𝑛′ + 5. It follows that, for sufficiently small 𝜀 > 0 and 𝜇𝛽−1𝛿−2(𝜒+1),
the equalities (14) define a one-to-one change of variables in the domain

|𝑧′, 𝑤′| ≤ 𝑅0 − 𝛿, 𝐽 ′ ∈ ℰ𝛿
𝑁 − 2𝜀𝛽, | Im 𝜃′| ≤ 𝜌0 − 4𝛿.

Put now 𝑁 = − ln𝜇/𝛾, 𝜇 = 𝛿8𝜒+2. Then, in the new variables, the function ℋ
will have the form

ℋ = 𝐻(𝐽 ′)+1
2(𝐴(𝐽 ′)+𝑎(𝐽 ′))𝑧′2+(𝐵(𝐽 ′)+𝑏(𝐽 ′))𝑧′𝑤′+1

2(𝐶(𝐽 ′)+𝑐(𝐽 ′))𝑤′2+𝐻′(𝑧′, 𝑤′, 𝐽 ′, 𝜃′),

where the matrices 𝑎, 𝑏, 𝑐 are connected with the matrix Δ by the equality

Δ = − ∣𝑎 𝑏
𝑏′ 𝑐∣ , Γ = ∣−𝐵′ −𝐶

𝐴 𝐵 ∣ ,

and the function 𝐻′ and its derivatives with respect to 𝜒′ = (𝑧′, 𝑤′) at 𝑧′ =
𝑤′ = 0 in the domain

𝐽 ′ ∈ ℰ𝛿
𝑁 − 3𝜀𝛽, | Im 𝜃′| ≤ 𝜌0 − 3𝛾, (𝛾 > 2𝛿 > 0)
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satisfy the inequalities

|𝐻′| ≤ 𝜀3𝜇′, |𝜕𝐻′/𝜕𝜒′| ≤ 𝜀5/2𝜇′, |𝜕2𝐻′/𝜕𝜒′2| ≤ 𝜀2𝜇′,

|𝜕3𝐻′/𝜕𝜒′3| ≤ (1 + 𝛿)𝜀1/2𝑐 𝜇′ = 𝜇′3/2.
On the other hand, from inequalities (13) and (13′) it follows that, for 𝛽 = 𝛿3,
𝛾 = 𝛿1/4𝑛′ , and any fixed 𝜀 ∈ (0, 𝜀0), we have

mes(ℰ ∖ (ℰ𝛿
𝑁 − 3𝜀𝛽)) → 0

as 𝛿 → 0. Hence it follows that the construction described above can be ap-
plied an unlimited number of times. The convergence of this process is proved
analogously to how this is done in paper (2).
Inequality (13′) in the present paper replaces the requirement used in paper (1)
that there be no identical relations of the form

𝜆𝛼 + 𝜆𝛽 + 𝑖(𝜔, 𝑘) ≡ 0

with integer 𝑘 = (𝑘1, … , 𝑘𝑛). In this connection I note that the objections
contained in paper (3) against this requirement are apparently based on a mis-
understanding. It is essential to observe that, for fixed 𝐻 and Γ, inequality (13′)
is nontrivial only for a finite number of values of 𝑘, since for sufficiently large
|𝑘| the validity of inequality (13′) follows from inequality (13).

The situation considered in the present paper is rather general. It includes many
of the cases previously considered (1−6).
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* The domain ℰ∗ − 𝜀𝛽 contains those points of the domain ℰ∗ whose distance to
the boundary of the domain ℰ∗ is greater than 𝜀𝛽 (𝜀𝛽 > 0).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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