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1. We consider integral equations of the first kind of convolution type

Kz/t Kt —t)z(t)dt’ = ut), (1)

the problem of solving which is ill-posed. Usually the right-hand side u(t) is
known only approximately with some accuracy ¢ (in L), u(t) = up(t) + v(t),
where u,(t) is the exact value, v(t) is an error (noise) and is a random quantity.
We assume that the solution z(t), the right-hand side, and the noise are real-
izations of stationary random processes and that z(¢) and v(t) are uncorrelated.
By N(w) and S(w) we shall denote the spectral densities of the solution z(t)
and of the noise v(t).

The works (%?) contain the following formulation of the problem, analogous to
the problem of optimal Wiener filtering (). Let {Q} be some family of operators
defined on all functions v € Ly(—00,00), and let B be a given operator with
domain of definition U; C Ly(—00,00). Let up(t) € Uy.

Problem 1. Find in the class {@} such an operator @, that

(Qou — Bug)? = I{néf}l (Qu — Bug)?. (2)

The operator @, is called the optimal operator in {@} in the sense of (1). In
application to solving equation (1), B = K. If in this case the family of
operators {Q} consists of linear integral operators of convolution type, then
Problem 1 is a problem of optimal filtering. In this case the operator Q) is
determined by the spectral densities N(w) and S(w) (173).

If we do not have information about the spectral densities N(w) and S(w), then
to find an approximate solution of equation (1) (but no longer an optimal one
in the sense of (2)) one may use the regularization method (*). In this case a
family of regularizing linear operators depending on the parameter o, @, yy, is
constructed, determined with the aid of the regularizer
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0[] = / M(w)]2(w)]? de,

where z(w) is the Fourier transform of the function z(¢) from the class of possible
solutions; M(w) is a given even nonnegative function such that M(0) > 0,
M(w) > 0 for w # 0, and, for sufficiently large |w|, M(w) > ¢ > 0. The
regularized approximate solutions z,(t) are determined by the formula

k(—w)u(w)

I - o
)= Quan = = [ I e, L) = Kwkw), (8)

where k(w) and u(w) are the Fourier transforms of the kernel k(¢) and of the
right-hand side u(t) of equation (1). Formula (3) defines a one-parameter family
of linear regularizing operators @, ,;, on which one may seek the solution of
problem I with B = K~!. This family is determined by specifying the function
M(w).

Theorem 1. There exists a one-parameter family of regularizing operators
Qo nr 0n which the solution of problem I coincides with the solution obtained by
the method of optimal filtering.

Such a family is determined by the function M (w), equal, up to a numerical
factor, to the ratio S(w)/N(w). The parameter « is found from the condition
min,, (Q, pru— 2)? (2(t) will be called the signal).

2. In computational practice one usually uses regularizers of the Tikhonov
type of order p (5), i.e., one specifies the function M(w) in the form
M (w) = w?, which determines a family of regularizing operators Q
and, using some algorithm, determines the parameter « (6).

a,p?

We shall 1) show that there exists a solution of problem I in the class @, , of
Tikhonov regularizing operators; 2) indicate the relation between the optimal
value of the regularization parameter « and the high-frequency characteristics of
the signal and noise under the following assumptions: a) the Fourier transform
of the kernel k(t), i.e. k(w), on the real axis for large |w| has an asymptotic form
S(w) = Sy/w?, N(w) = Ny/w?, where S, N, are constants, Sy > 0, m > 1)
(see (7)); b) the spectral densities of the functions z(t) and v(¢), i.e. N(w)
and S(w), on the real axis for large |w| have asymptotic form S(w) = S,/w?",
N(w) = Ny/w?™, where S, N, are constants, S, > 0, N, > 0. For r = 0 we
have “white” noise, for r =1 “thermodynamic” noise. The number n coincides
with the order of smoothness of the function z(t). We assume that S is small
and 0 < v,p <1, where y = (2n—1)/(2p+2k), p = (2k —2r +1)(2p + 2k). For
Tikhonov regularizing operators problem I is formulated as follows:

Problem I'. Among the regularizing operators @, ,, of Tikhonov type, find an
operator ) such that

@0,Po
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(anpou - Z)2 = Iglgl (Qa,pu - Z)2'
)

Here z(t) is the solution of equation (1) with right-hand side u(¢). The operator
anpo will be called the optimal regularizing operator of Tikhonov type (of order
Do), and the function z, (t) = Q, , v the optimal, in the sense of I, regularized
solution of equation (1). Let { = Q,, ,v and T'(a, p) = (@, ,u — 2)*.

Theorem 2. For kernels I (under the condition pn > 0) and II types, the function

T(a,p) as a function of « attains its smallest value at @ = « determined by
the formulas:

r.o.’

: 1/(v+n)

S, 1-—

a,, = A? {AQ?V 521 — 5; EEZZ} for kernels of type I; 4)
0

SO W 2n—2p—2r

(0] = —
r.o. 1
NO

for kernels of type II. (5)
Here wy is the root of the equation
w(—2L + aw??) dL/dw — 2(p + n) Law?* + 2(2p —n)L? = 0. (6)

T(a,p) =&+ (62,)%  (7)

where 0z, = Q, ,ur — 2(t). It is easy to find that

;_ 1 * S(w)L(w) dw 5 5 1 (% PwN(w)dw
=2l Goren? 5L G rany

@ o L(w) + aoﬂp)z

S

L(w) + aw2p)2, &

a, . is found from the condition 9T /da = 0.

Using the smallness of S; (and «), the integrands may be replaced by their
asymptotic values. Obviously, o, , = a(p). Therefore T'(av, , ,p) = ¥(p).

3. The quality of the approximate solution Za o (t), obtained under optimal
regularization of order p of Tikhonov type, can be characterized by the
quantity ¢ (p). Let us consider the dependence of ¢ (p) on the regulariza-
tion order p. Denote by z, ¢ (t) the solution of equation (1) by the optimal
filtering method. This is the best, in the sense of (2), approximate solution
of equation (1). For equations (1) with a kernel of type I or II,

[Z0..(8) = 2(8)]2 = ¥(po) + O(S))-
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Theorem 3. For kernels of type I the function ¢(p) has the following properties:
1) it has a minimum at p = p, = n —r;

2) it increases monotonically for p > p, and tends to a finite limit 1(co) as

p — 00
3)
P (00) _ x? “in (z) +lO(S ) < é+10(5 ); (9)
Olpg) ~ mle—1) 7 \a) T e
4)

V' (py)  y(1—vy) (my)? L e o
¢(p0) B (2n - 1)2 {SiHQ(ﬂ-y) 1 1— y2 } + yO(SO)v Y 'u,

1
r=1+-. (10
;10

The proof of these properties is obtained by estimating the integrals (8) using
formula (4).

Theorem 4. For kernels of type II the function ¢ (p) has the following proper-
ties: 1) it has a minimum at p = p, = n — 7; 2) Y(p) = MmN, /w21 (A w, )™
3) 9" (po)/¥(py) = 6(A,w;)" ™. Here w, is the root of equation (6), A, =
Ag(cosm/2m)™.

The proof is carried out analogously to the case of a kernel of type I.

Corollary. For strongly smoothing operators K (an operator with a kernel of
type IT and an operator with a kernel of type I, if k > n,r), the mean square
deviation of the regularized solution of equation (1) from the exact solution
depends only weakly on the order p of the regularizer.

Indeed, a measure of the sensitivity of the function ¥ (p) to the order p of the
regularizer near p = p, is the ratio ¥ (p,)/¥(py). As is seen from (10), for
k > n,r, i.e. for y close to zero, this ratio is small.

4. Let us consider the question of how much the optimal regularized solu-
tions z, ., (t), obtained with the aid of regularizing operators of differ-
ent orders p,,, differ from one another. A measure of the deviation is the
quantity

R<p17p2) = (Zal,pl (t) - Za2,p2 (t)>2
Obviously,
R(p1,p2) < ¥(py) + 9(pa) + O(Sy).

For small k this estimate is sufficiently good. For strongly smoothing
operators this estimate can be refined.
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Theorem 5. For strongly smoothing operators K with kernels of type I or II,

R(p1,ps) = O[Y(p1) — ¥(ps)] + Oltb(pa) — ¥(py)],

where on the right the order of smallness is taken with respect to the variable
1/k.

Proof. We find directly that

1 * LN(aw?* — S/N)?dw
R(p, po) _W/o (L + aw??)2(L+ S/N)’

The functions (aw?? /(L+aw?!))? and L/(L+S/N) may be replaced respectively
by the unit functions n(w—:ao; ) and n(w,—w), where @, is the root of the equation
L(w) = aw?, and wy is the root of L(w) = S(w)/N(w). In this case wy > &,
if p > py. (It suffices to consider only this case.) Therefore, in the formula for
R(p,py) it is necessary to integrate only over the interval (&;,w,). Esti-

this integral, we obtain R(p,p,) = O[¢(p) — ¥(py)]. From this estimate and
from the inequality R(p;,ps) < R(p1,p0) + R(pg, o) the theorem follows.

Thus, for the indicated classes of equations, in finding an approximate optimal
solution of equation (1), instead of optimal filtering one may use the regulariza-
tion method with regularizers of Tikhonov type, whose order has only a weak
effect on the result.

5. To compute a, , , as is seen from formulas (4)—(5), one must know the
high-frequency characteristics of the signal and the noise Ny, n, Sy, r. Be-
low we shall show that, for ergodic processes, the indicated parameters can
be uniquely determined from the family of regularized solutions {z,(t)},
corresponding to various values of a and obtained with the aid of regu-
larizing operators of Tikhonov type @, ,, whose order p can be chosen
sufficiently arbitrarily. This means that, when applied to ergodic pro-
cesses, the regularization method makes it possible to find the optimal
approximate solution of equation (1) (or one close to it), using substan-
tially less information about the sought solution and the noise than in the
method of optimal filtering.

Theorem 6. The function

F(a) = a—2k/(k+p) (az((fp) )2

for small noises (i.e., for small Sy) has a minimum at some point o, and a

mazimum at some point a,,... Moreover, a i, /Cna — 0 as Sy — 0.

Proof.

n

max

1 oo
F(a) = —a®/®+0) [ (#L(LN + 8)/(L + aw?)? dw.
m 0
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For kernels of type I, for small «
F(a) = O(a?P/(F+P)) 4 c ¥ + cya™™,

where

m™Ny 2p—2k—2n+1 w8 2p—2r+1
cy = ,
4¢? sin(4k +2n — 1)7/2¢’ 27 A24¢2 sin(2p — 2r + 1)7/2q

1 =

q =k + p. Consequently, as o — 0, F(a)) — oco*. For large a,

F(a) = O(a™?#1),
Hence the theorem follows for kernels of type I. For kernels of type II the proof
is carried out analogously.

Remark 1. The condition a,,;, /0. <€ 1 may serve as a criterion of smallness
of the noise and of the applicability of the results presented to the analysis of
experimental curves u(t).

Remark 2. In the case of ergodic processes, the function F(«) is determined
without a priori knowledge of the high-frequency characteristics of the sought
solution z(t) and the noise, by the formula

T

1

F(a) = a2F/4 lim —/ {K*(Kz, —u)}?dt,
T—oo T o

where K* is the operator adjoint to the operator K.

Theorem 7. The high-frequency characteristics of the sought solution and of
the noise Ny,n, Sy, are uniquely determined by the behavior of the function
F(a).

Proof. On the interval (0, a,,;,) the curve y = F(a) is determined only by
the parameters r, Sy, p, k, and on the interval (o,;n, @max) Dy the parameters
Ny, n,p, k. These parameters can be determined from the indicated portions of
the curve y = F(«) with arbitrary accuracy.

We express our deep gratitude to A. N. Tikhonov for interesting discussions.
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