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V. 1. PITERBARG

ON THE EXISTENCE OF MOMENTS OF
THE NUMBER OF LEVEL CROSSINGS BY A
GAUSSIAN STATIONARY PROCESS

(Presented by Academician A. N. Kolmogorov on 5 I 1968)

It is known (12) that the m-th factorial moment of the number of crossings from
below upward of the level a by a Gaussian process without linear relations &,
on the interval A is equal to

(b= [ ML 16, =0 i=Lm
(€0, t,#t;, ,5=1,...,m} i=1 (1)

X Py 4 (a,...,a)dty ...dt,,,
where P, , (zy,...,2,,) is the density of the joint distribution of the quantities
&> &, with covariance matrix Ryi(ty, ey ty),

éti = dfti/dtia ftt = %(572 + |£t7‘)

Below we study the question of conditions for the existence of the factorial
moments specified by the integrals (1). Denote

i, e 0y
I(l) = / i T dt,,...,dt, .,
{tieA, t;#t;, i,5=1,..,m} V ‘Rll tlv ,t

where

/"z:M{éti ‘ftj =a, j=1,..,m}, U?:D{éti |£tj =a, j=1,..,m},

iq,..-,1,,) is a permutation of the indices (1,...,m).
1 m
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Theorem 1. For the existence of the m-th moment of the number of crossings
of the level a by a Gaussian process it is sufficient that the integrals I(1) (I =
0,...,m) exist, and necessary that the integral I(0) exist.

Sufficiency was proved by Yu. K. Belyaev (}), Lemma 4. Necessity follows from
two lemmas.

Lemma 1. For any vector a and nondegenerate matrix A,

a’A~ta = min(z’ Az — 2ax). (2)

x

Lemma 2. There exist € > 0 and 0 < a < 1 such that, if max; ;[t, —t;| <e¢,
then

M{H&Z |§t]‘ =a, j= L...,m} > qoq 0,
i=1

Theorem 2. Suppose:
1. The k-th mean-square derivative of the stationary Gaussian process exists.

2. In some interval (0,8) there exist and are continuous p***V(t) and
pPRH2)(1), respectively the (2k + 1)-st and (2k 4 2)-nd derivatives of the
correlation function of &,.

3. There exist limits

lim ; —(0) #0,
(2k+1>(0) _ o (2k+1)

. p (t) (2k+2)

1 -

im ; pi 7 (0)

Under these conditions a,, (A, a) < oo if and only if m < k* + 2k.

Proof. We find the asymptotics, as ¢, —¢; — 0, of the functions

'uil .”'uilo-ilJrl B Uin; (3)
|R11(t1a 7tm>|

We shall carry out the estimate when all £, —¢; — 0. In the remaining cases the
estimate is analogous. At the same time, for brevity, by lim we mean passage
to the limit as max|t; —¢;| — 0.

Consider the quantities
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o e

k i X

<t,t, — i+1 i .
e ‘ti+1_ti|

It is easy to see that

: k) Ak _ )0 if i #1,
Hm MGy Cotyy = {2/0(4_21“1)(0>7 il

Denote, following (1), by L, (&) =&, &, ]/k!, where [§, ..., &, ]is the
k-th divided difference of &,.

The quantities

Ltl.“tkﬂ (€] — Ltz.“t,ﬁz (€]

t] — thial

Ctl...t,c+2 =

possess the same properties as the Ct(fgm introduced above.

It is known that

Ip(t; —t;)
By, B ot; : —1
M Ryl S Rt )7
a-al 0
Op(t, —t.,
R11 p( 7 ])
R, t,
0'1‘2 = |R " = |R11<t1,...,tm)‘71,
m et T 9%(0)
ot o2

We perform the following transformations on |R;;|. At the first step, from each
i-th column we subtract the (i — 1)-st and divide by t, — ¢, ;, and from each
i-th row we subtract the (i — 1)-st and divide by ¢, — ¢, ;.

At the second step we do the same as at the first, without touching the first row
and column, and dividing by ¢, —t;_o, and so on up to the k-th step (see (1)).
At the (k + 1)-st step, from the i-th column (i = m, ...,k + 2) we subtract the
(i — 1)-st and divide by /|t; — t;_;_1|; we do the same with the rows and pass

to the limit.
Having carried out analogous transformations on Rﬁi and R, , we obtain

/Lia

asymptotic formulas.
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1 |Ryq (tys e b))l

Ii »'m

im
2m—kl Hl:l,...,k Hi:l+1,...,m<ti —tiq)? Hi:k+2,...,m It = ti gl

|Ra-<t17 7tm)| (2k+1)
lim : =2p (0),
|R11(t13 7tm>| lel,___,kfl(ti - ti—l)|ti - tz’—k’| "
R, (ty,....t,,
) Ry, (b st )

m
|R11<t17 7tm)‘ Hl:l,..,k—l(ti - ti—l) |ti - ti—k|

where n = (&, , .. ,gi?).

On the basis of these formulas we conclude that, for m = k2+2k, the singularities
of the function (3) are integrable, whereas already for m = k?+2k+1 I(0) does
not exist.

Corollary. For Gaussian stationary processes with rational spectral density that
have exactly k derivatives in the mean-square sense, the last finite moment of
the number of level crossings has order k? + 2k.
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