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In a number of works (see, for example, (17%)) a generalized theory of elasticity
is considered in which the elastic energy is represented in the form of a quadratic
form in the strains and the strain gradients with respect to the coordinates. In
the classical theory of elasticity the density of elastic energy U is represented in
the form

U="/3c™me 18 0m, (1)
where the elastic constants ¢**'™ can be expressed in terms of the force con-
stants of the crystal lattice. In the present work formulas are obtained which
express the coefficients of the quadratic form of the elastic-energy density in
the generalized theory of elasticity in terms of the force constants of the crystal
lattice.

In passing from the micromodel to the continuum we shall use the method
developed in (>%). As the initial micromodel we take the Born model of a
simple crystal lattice in the harmonic approximation (7). The potential energy
of the lattice is taken in the form

="/ un()®P(n—nyug(n’),  (2)

where n = n%e, is a vector in an oblique lattice coordinate system with ba-
sis e, (the lattice sites correspond to integral components n®), u(n) are the
displacements of the particles, and ®*#(n —n’) are the force constants.

It was shown in (%%) that, by means of a certain interpolation, one can pass
from functions of the discrete argument n to analytic functions of =, with ®*#(n)

replaced by the function (I)O(B(x>, whose Fourier transform is
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(I)aﬂ Z (I)a,b’ znk; (3)

here V, is the volume of the elementary cell of the lattice. Then the potential
energy P is written in the form

20 = // )0 (1 — 2 Jug(z') do dz’ = (271r)3 /%(k)q)o‘ﬁ(k;)uﬁ(k) dk

// )e Bz —a')e, 5(a’) dv da’ = ! /%(’f)cmﬂﬁ(/{)gw(@ " (4)

where ¢, () = 0, uq) () is the strain. Here a Fourier transformation with
respect to x has been carried out.

The tensor ¢***# is symmetric in the pairs va and pB and Hermitian with
respect to interchange of the pairs.

It was shown in (°) that ®*?(k) can be represented in the form

P (k) = P (k)k, k ()

v

where the tensor ®?* is symmetric in vy and Hermitian in o/3. The tensor
c’*B(k) is constructed as follows

Cuozu,@ _ 1/2 (aua(uﬁ’) + W) + k‘)\ <aVC¥)\(M/3) +W>7 (6)

here
@ (k) = YOI (R) B () — (k) (7)

ava[uﬂl(k) — kka”a[”ﬁ])‘(k),

the tensor a?**5* being symmetric in v\.

Represent ¢*?#(k) in the form

z/;o‘ﬁ”“(k) _ wgﬂw + kﬂ/}”‘ﬂw)‘(k) (8)

(here the subscript zero denotes the value of the function at k = 0). Then
a’“"B(k) can be represented in the form
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@19 () = g T ey (WP ()P (k)P (R)) = 0™ kyat ot (9)

Substituting (7) and (9) into (6) and taking into account the symmetry proper-
ties of ¥*P¥F we obtain an expression for ¢¥**# in terms of 1/)8"6”“ and oPVHA (k):

c””‘“ﬁ(k) _ SVQ#B E)(UPT+1/4/<;/\ [Svauﬁ 1/)>‘X”p7(k)—|—5'ua”ﬂ ¢xkapr(k)+sl’0mﬁ wxapA-r(k)]. (10)

- MO0xopt 1xopt 2xopT 3xopT
Here the following symmetrization operators have been introduced:

voapB _ cafrp vBau upav
SOXUPT = 5)(0;)7 + 5)(0/)7’ - 6xop7’7

Stute = 60858 + S — 385 — 385

B _ B A B B
Sg)c(tng - 5ngg + 5)(?/1)/7@ - 35;gp¢ - 35)V(§p¢7

Sl/auﬁ _ 45a51/,u +46V504,u +46auuﬁ +46uuaﬁ _6;14,8041/ _5,uaow 6avﬁﬂ 6uaﬁu

3xopT XopT XopT XopT XopT XopT xopt — Oxopt — OxopT

where
Syopr = 626001

Expand the analytic function ¢***#(k) in a series in k:

va = vapBAig..A, . .
crerlk) = e (=iky,) - (=iky ) (11)

p=0

and carry out the same expansion under the integral sign in (4). Then the
expression for the energy assumes the form:

1 va 1 va vapBA . vaufA A . .
20 = 55 / ealR)er P (K)ep(k) db = = 7o / EuaB)(cg™ e P ik )™ (i ) (—iky,

For the density of elastic energy o(z) we obtain the expression

A
o(x) = 1/2(060‘“56,,&%/3 + c’l’a“B "0\, Epp e
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A A
. +( ]_)mcgzlﬂﬁ)q )\mﬂa .8)\7”51/&8)\7”“ ...8A2m5#5++<71)mc21/:zi51 1 2m+1a

Let us expand the functions ***#* in (10) also in a series in k. Taking (3), (5),
(8), and (10) into account, we obtain an expression for the elastic constants in
(13) in terms of the force constants of the lattice:

Va#ﬁ uauﬁ XO' P T
o Soxepr g DX (n)nfn’,
p+1
CZQ#BMWA (=1) ;/a/tﬁ Z(I)Apx WnenPnTaM .. nte
4V,(p+2)! XoPT
Sg;’ﬁfT E X (n)nnPn Tt - niet (14)

gromns E X7 (n)nP v
3x0pr X7 (n)nPn" nMente b,

In the zero long-wavelength approximation, ¢;*"* # is the ordinary tensor of elas-
tic moduli.
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Note: Figure translations are in progress. See original paper for figures.
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