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REPRESENTATIONS OF THE QUATERNION
GROUP OVER A NONCONNECTED LO-
CALLY COMPACT NONDISCRETE FIELD

1. Let E be the division ring of quaternions over a nonconnected locally com-
pact nondiscrete field K (the definitions are given below); G the group of all
quaternions with modulus equal to one; PG the quotient group of the group G
by its center. It is assumed of the field K that its characteristic is not equal to
2 and that it does not contain the subfield @, of 2-adic numbers. The paper
gives a complete description of the irreducible representations of the group PG
and computes the traces of these representations. We note that an analogous
description of irreducible representations holds for the group SG of quaternions
of norm 1 and for the group PE* = E*/Z, where E* is the full group of quater-
nions, Z its center*.

We give the basic definitions and notation. The division ring of quaternions F
over K is the set of elements of the form

T =ay+ ayi+ asj + ask, (1)

where a, € K. Addition of elements (1) is carried out componentwise, and
multiplication in accordance with the following table:

i =6 j =p, k2 = —¢€p, Z]:—jZ:k‘, jk:_k]:_pla

Here ¢ is a fixed element of K with norm 1, not a square in K; p is a fixed
generating element of the prime ideal P in the ring O of integers of K**. The
quaternion Z = ay — a,i — a,j — ask is called conjugate to the quaternion (1);
the product N(z) = zZ is called the norm of the quaternion x. Since N(z) =

a? —ea? — pa3 + epa3, we have N(z) € K. The real number |z| = ||N(I)H}</2,
where |a| g is the norm of an element a € K, is called the modulus of the
quaternion z. Introduce the notation: ¢ = ||p|z*. Then we have: |z| = |z|,
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if v € K; |i| = 1, |j| = |k| = ¢"¥/2. Hence it follows that |z| can take only the
values 0 and ¢™2, n = 0,41, 42, ...

2. Rank of an irreducible representation. The groups G and PG =
G/Z are compact, and therefore all their irreducible representations are finite-
dimensional. Instead of constructing irreducible representations of PG, we shall
construct irreducible representations T'(x) of the group G that are equal

* These three groups have a closely related structure. Namely, the following
exact sequences of homomorphisms hold: O — PG — PE* — Z/2Z — O,
O — Z/2Z - SG —- PSG — O, O - PSG — PG — Z/2Z — O, where
Z /27 is the cyclic group of second order, and PSG is the quotient group of the
group SG by its center.

** We recall the definition of the quaternion algebra E over an arbitrary com-
mutative ring A with identity (1). The algebra E is the set of elements of the
form (1), where a, € A; multiplication is defined by the following table: i = a,
j2 =b, k2 = —ab, ij = —ji = k, jk = —kj = —bi, ki = —ik = —aj. Here
a,b are fixed elements of A for which ab # 0; the algebra E depends, generally
speaking, on the choice of these elements. In the case A = K there are only two
nonisomorphic quaternion algebras—the algebra of all matrices of order two over
K and the division algebra described above. We note that the representations
of the group SL(2,K) of matrices of order 2 over K were completely described
in (?).

to the identity operator on its center Z; obviously, these two problems are
equivalent.

Let us specify in G a decreasing chain of normal divisors of finite index: G =
Gy D Gyjp D Gy D Gyjp O -5 G, s the subgroup of all quaternions x € G of the
form z = a+a’, where a € K, |2’| < ¢7¥. We have: ﬂy G, = Z; therefore, if an
irreducible representation T'(x) of the group G is equal to 1 on Z, then T'(z) = 1
on G, for sufficiently large v. We shall call the rank of the representation T'(x)
the smallest v for which T'(z) = 1 on G,. Obviously, the description of irre-
ducible representations of rank v is equivalent to the description of irreducible
representations of the finite quotient group G/G,, that are not identically equal
to the identity on G,_; 5/G,. The only representation of rank 0 is the identity
representation. Further, since G/G, /2 18 a commutative group of order g + 1,
all representations of rank 1 are one-dimensional, and their number is q. Each
of these representations is given by the mapping

ag +ayi+ayj + agk — m(ag +Veay),

where 7 is a multiplicative character on K(/¢) such that = # 1, m(a) = 1 for
a € K, and 7(1 + «) = 1 for |a] < 1. Below we give a description of the
irreducible representations of ranks v > 1/2.
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3. Description of irreducible representations of rank v, where v is an
integer.

a) Representations of the first series. Let us specify the commutative
subalgebra U, of quaternions of the form a = a+bj, a,b € K. Obviously,
every quaternion x can be represented uniquely in the form =z = « + i,
where o, € U,. Introduce the subgroup A, C G of quaternions
r = a+ Bi € G for which |3] < ¢ /2. Let us specify one-dimensional
representations of the group A/,. Let w(a) be an arbitrary character on
the multiplicative group U, of elements a € U, with modulus la] = 1,
satisfying the following conditions:

1) m(a) = 1 for a € K; 2) the rank of 7 is v; this means that 7(1 + a) = 1
for la] < ¢, 7(1+a) # 1 for |a| = g7V +Y/2.

Then the mapping

a+ fi — w(a) (3)

is a homomorphism of the subgroup A, i.e., it gives its one-dimensional rep-
resentation. Let T (x) be the representation of the group G induced by the
representation (3) of the subgroup A,. From the definition it follows readily
that the rank 7. = v. The representations T, will be called the first series of
representations of rank v.

b) Representations of the second series. Instead of U,, specify the
subalgebra U,, of quaternions a = a + bj’, where j/ = a,j + ayk is a

quaternion satisfying the relation j’2 = egp. Obviously, every quaternion
x can be represented uniquely in the form z = a + B4, where o, § € U,,
Introduce the subgroup A C G of quaternions x = a+5i € G, o, f € U,
for which |8] < ¢7/2. Let us specify one-dimensional representations of
the group A/ by formula (3), where m(«) is an arbitrary character on
U;, satistying conditions 1) and 2). Denote by T)/(x) the representations
of the group G induced by these one-dimensional representations of the
subgroup A’. From the definition it follows that the rank 77 = v. The
representations 77 will be called the second series of representations of
rank v.

Theorem 1. 1) The representations T, T are irreducible; 2) two represen-
tations T’ , T’ are equivalent if and only if they belong to one and the same
series and either m; = 7y, or 1 = 1515 3) dim 7, = dim 7 = (q¢+1)g"~1; 4) the
number of pairwise inequivalent representations in each of the series is equal to

q— 1 v—1

2 1
4. Description of irreducible representations of rank v = 2m + 1/2,
m =0,1,2,.... Let us specify the commutative subalgebra U, of quaternions of
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the form a = a + bi, a,b € K. Obviously, every quaternion x

uniquely representable in the form x = a + 34, where o, € U,. Introduce
the subgroup A, C G of quaternions z = a+ 3j € G, «, € U,, for which
|B] < ¢~™. Define one-dimensional representations of the group A,. Let m(«)
be an arbitrary character on the multiplicative group U} of elements a € U,
with modulus |a| = 1, satisfying conditions 1) and 2) of § 3. Then the mapping

r=a+fj— n(a) (4)

defines a one-dimensional representation of the group A4,.

Denote by T,.(x) the representations of the group G induced by these repre-
sentations of the subgroup A,. It follows from the definition that the rank
T =v.

Theorem 2. 1) The representations T, are irreducible and pairwise inequiv-
alent; 2) dim7T, = ¢“~/?; 3) the number of representations 7). is equal to

(q2 _ 1)q”_3/2.

5. Description of irreducible representations of rank v =
2m+3/2, m=0,1,2, ...

Introduce the subgroup A, C G1/2 of quaternions z = a + §j, o, 8 € U,, for
which |8] < ¢ ™, |a—a| < 1, |3— 8| < ¢~ ™. Let 7() be an arbitrary character
on U N A, satisfying conditions 1) and 2) of § 3. Then the mapping (4) is a
one-dimensional representation of the subgroup A,. Denote by T, (x) the repre-
sentation of the subgroup G, /2 induced by this one-dimensional representation.
By definition, the representation 7T acts in the space H, of functions f(y) on
Gy satistying the following condition: f(zy) = 7(x)f(y) for any z € A, (7 (z)
is the function on A, given by the mapping (4)). The operator T, (y) is given
by the following formula: T, (y,)f(y) = f(yy)-

We now extend each of the representations 7T . to a representation of the entire
group G. Note that there exists an element z, € U? of order ¢°> — 1 such
that G = {zo} - Gy and {2y} N Gy, C Z, where Z is the center of the

group G (Z C Gyj). From the definition of z, it follows that 8 € Z and
that any element x € G is uniquely representable in the form z = zjy, where
s=0,1,...,q; ¥ € G1/2. Associate to the element x, an operator BmO on H_:

(B, Nw) = Y 7 @) flag ayx).

z€A,/G,

The following assertions are valid: 1) B, is a nondegenerate operator on H.;
2) B, T.(y) = Tr(xgyzy")B,, for any y € Gy y; 3) BLT' = AE, where E is the
identity operator. Let pi, ..., p1 .1 be the set of roots of the equation Atatl =1,

x
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To each k = 1,...,q + 1 assign the following representation 7 , of the group
G: T acts in the space H, of the representation 7 of the subgroup Gy,
defined above; the operator ka(x), corresponding to the element z = z{y,
where s =0,1,...,¢; y € G5, is determined by the formula

ka(x) = (/’I’k}BZL’O )STTr(y)

(The verification that T, , is a representation is elementary.) From the con-
struction it follows easily that the rank 7, , = v.

Theorem 3. 1) The representations T, ; are irreducible and pairwise inequiv-
alent; 2) dim 7, ; = q”~/?; 3) the number of representations T\ is equal to
(¢* —1)g" 2.

6. Completeness theorem

The representations described above exhaust all irreducible representations of
the group G that are equal to the identity on its center.

Proof. Consider the representations of fixed rank v described above. In The-
orems 1, 2, 3 the number of these representations and their dimensions are
indicated. Hence, by direct calculation, one can verify that the sum of the
squares of the dimensions of these representations is equal to the difference
dimG/G, —dimG/G,_, 5. Consequently, by the Bernshtein theorem—

for finite groups, these representations exhaust all irreducible representations of
rank v.

7. Formulas for the characters of irreducible representations. It is
easy to verify that in each class of conjugate elements of the group G there is
an element from the union U = Uz UU; U U[,. Below we give expressions for
trT'(z) on the set U.

a) v is an integer, T _ is an irreducible representation of rank v, belonging to the
first series. If a € Uy, o —a| > g v*Y2 then

tr T, () = sign, (—1)”-c,la—a| I (sign, (j* (a?—a2))mw(a)+sign, (L (@—a?))m(@)).

If la—a| =q¢ "%, a=a+p"'bj € Uy, then

dim T, 2% + ey
() = 5=y s
r T () 21 W(aﬂo x2€y23>,

where the summation is over z,y € O/P, (z,y) # 0.* If o —a] > ¢ ¥, a €
Uz UUZ,, then tr T, (o) = 0. If @ — a| < g7, then

tr T (a) =dimT, = (g + 1)g" %
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Here the notation is as follows: sign_x = 1 when z € K is representable in
the form o = a® — 742, a,b € K; sign_x = —1 otherwise; ¢, = g2y w1 —
2ep”~ta?j), the summation being over x € O/ P; it is easy to verify that ¢, = +1,
if -1=a% a€ K;and c, = ++v/—1 otherwise.

b) The formulas for the characters of representations of the second series are
obtained by replacing p by p and j by j’.
c)v=2m+1/2. If o —a| > ¢, a € U}, then
tr T (o) = o — a|*sign_(i (a — a))w(a).
If la —a| > ¢%, a €Uy UU, then tr T, () = 0. If o — a| < ¢, then
trT, (a) = dim T, = ¢*~ /2.

d)v=2m+3/2. If |a —a| > ¢ ¥, a € UZ, then
tr T, (o) = —|a — al™! sign,_ (it — @) m,();
7, () is a certain character on U} such that 7, () = w(a) when o € UF N A, . **
Ifla—al>q", acUyUU, then tr T, () = 0. If |a —a] < ¢, then
tr T, p(a) =dim T, , = g’ 2.
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* Let us note that x,(z) = 7(1+4p*~'zj) is an additive character on F, = O/P;
the formula for the trace can be given the form

dim T, b 22 + ey? dim T, b -
o B, () (L)

2 _ 2_ .2
q 1 ax ey q+1 — 2a

where t = x + /e y.
** Let us note that any two characters m (), m(a) (k,0 = 1,...,¢ + 1) are
related by

11y, () = ()
(the notation is that of §5). Hence it follows that they are uniquely expressible
in terms of one another.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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