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Abstract
Full Text
UDC 517.51

MATHEMATICS

A. D. DZHABRAILOV

ON AN INTEGRAL REPRESENTATION OF
SMOOTH FUNCTIONS AND SOME FAMI-
LIES OF FUNCTION SPACES
(Presented by Academician S. L. Sobolev on June 11, 1965)

1. We shall assume that 𝑒 is any subset of the set of natural numbers 𝑒𝑛 =
{1, … , 𝑛}. If ℎ = (ℎ1, … , ℎ𝑛) is a given vector, then let ℎ𝑒 = (ℎ𝑒

1, … , ℎ𝑒
𝑛),

where ℎ𝑒
𝑗 = ℎ𝑗 for 𝑗 ∈ 𝑒; ℎ𝑒

𝑗 = 0 for 𝑗 ∈ 𝑒𝑛 ∖ 𝑒. Let 𝑓(𝑥) be a function
defined in the Euclidean space 𝐸𝑛 of points 𝑥 = (𝑥1, … , 𝑥𝑛); Δ𝑘𝑗

𝑗 (𝑡𝑗)𝑓(𝑥)
is the finite difference of order 𝑘𝑗 with respect to the variable 𝑥𝑗 with step
𝑡𝑗. Put

Δ𝑘𝑒(𝑡)𝑓 = [∏
𝑗∈𝑒

Δ𝑘𝑗
𝑗 (𝑡𝑗)] 𝑓.

For each subset 𝑒 ⊆ 𝑒𝑛, 𝑓 (𝑚𝑒)(𝑥) is the derivative of the function 𝑓(𝑥) of
order 𝑚𝑒 with respect to the variables 𝑥𝑒. The order of differentiation is
arbitrary; for example:

𝑓 (𝑚𝑒)(𝑥) = 𝜕𝑚𝑒
1

𝜕𝑥𝑚𝑒
1

1
⋯ 𝜕𝑚𝑒

𝑛

𝜕𝑥𝑚𝑒𝑛𝑛
𝑓(𝑥).

Let

∫
ℎ𝜎

0
(⋅) 𝑑𝑦𝑒 = ∫

ℎ𝜎1
1

0
𝑑𝑦𝑒

1 ⋯ ∫
ℎ𝜎𝑛𝑛

0
(⋅) 𝑑𝑦𝑒

𝑛,

where

∫
ℎ𝜎𝑗

𝑗

0
𝑑𝑦𝑒

𝑗 = ∫
ℎ𝜎𝑗

𝑗

0
𝑑𝑦𝑗 for 𝑗 ∈ 𝑒,

and

∫
ℎ𝜎𝑗

𝑗

0
𝑑𝑦𝑒

𝑗

is the identity operator for 𝑗 ∈ 𝑒𝑛 ∖ 𝑒.
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Let Ω and 𝑒∗
𝑛 be any fixed subsets of the set 𝑒𝑛. Vectors ℎ = (ℎ1, … , ℎ𝑛) and

𝜎 = (𝜎1, … , 𝜎𝑛) with positive components are given, and a vector ℎ is such that
for 𝑗 ∈ 𝑒𝑛 ∖ Ω, ℎ𝑗 = ℎ0. For all such vectors an integral representation has been
obtained for sufficiently smooth functions 𝑓 :

𝑓 (𝜈)(𝑥) ≡ 𝜕𝜈1

𝜕𝑥𝜈1
1

⋯ 𝜕𝜈𝑛

𝜕𝑥𝜈𝑛𝑛
𝑓(𝑥) = ∑

𝑒⊂Ω
∑

𝑖∈𝑒0𝑛∖Ω
(−1)|𝑒|+1𝐼 (𝑖)

𝑒 (𝑓). (1)

Here 𝑒0
𝑛 = {0, 1, … , 𝑛}, |𝑒| is the number of elements of the set 𝑒,

𝐼 (0)
𝑒 (𝑓) ≡ 𝐼𝑒(𝑓, 𝑒∗) =

= ∫
ℎ

0
𝑑𝑣𝑒 ∫

𝑣𝜎

0
𝑑𝑦𝑒 ∫

𝑣𝜎−𝑦

0
𝑑𝑡𝑒∗ ∫

ℎ𝜎

0
Δ𝑘𝑒∗ ( 𝑡

𝑘) 𝑓 (𝑚𝑒)(𝑥 + 𝑦) 𝑅𝑒 𝑑𝑦𝑒𝑛∖𝑒,

where 𝑒∗ = 𝑒∗
𝑛 ∩ 𝑒, 𝑚𝑖 + 𝑘𝑖 − 𝜈𝑖 ≥ 0,

𝑅𝑒 = 𝑅𝑒(𝑦, 𝑡𝑒∗ , 𝑣𝑒, ℎ𝑒𝑛∖𝑒);

𝐼 (𝑖)
𝑒 (𝑓) = {𝐼𝑒∪{𝑖}(𝑓, 𝑒∗ ∪ {𝑖}) for 𝑖 ∈ 𝑒∗

𝑛,
𝐼𝑒∪{𝑖}(𝑓, 𝑒∗) for 𝑖 ∈ 𝑒∗𝑛.

The integral kernels 𝑅𝑒 are differentiable functions of their arguments and admit
an estimate in terms of the components of the vector ℎ.

The integral representation (1) for 𝑒∗
𝑛 = 𝑒𝑛, Ω = ∅, i.e., when Ω is the empty

set, coincides with the integral representation obtained by V. P. Il’in (13).
2. Let 𝑟 = (𝑟1, … , 𝑟𝑛) be a vector with nonnegative components. By the

supporting vectors of the vector 𝑟 we shall mean the smallest subset 𝑒
of the set 𝑒𝑛 such that 𝑟𝑒 ≡ 𝑟. We denote the support of this vector by
𝑒𝑟. Suppose that 𝑒∗

𝑟 is the set of those indices 𝑗 from 𝑒𝑟 for which, when
𝑗 ∈ 𝑒∗

𝑟, the number 𝑟𝑗 is not an integer.

Let 𝑒 be any subset of the set 𝑒𝑟, and let 𝑒∗ = 𝑒∗
𝑟 ∩ 𝑒. For each positive 𝑟𝑗 put

𝑟𝑗 = ̄𝑟𝑗 + 𝛼𝑗, where ̄𝑟𝑗 is the integer part of 𝑟𝑗, so that 0 ≤ 𝛼𝑗 < 1, and if
𝑟𝑗 = 0, put ̄𝑟𝑗 = 0. Thus to each vector 𝑟 = (𝑟1, … , 𝑟𝑛) there corresponds a
vector ̄𝑟 = ( ̄𝑟1, … , ̄𝑟𝑛).
Definition. Let 𝑒 be such a subset of the set 𝑒𝑟 that 𝑒∗ = ∅, i.e., all 𝑟𝑗 (𝑗 ∈ 𝑒)
are integers. We shall say that 𝑓 ∈ 𝐿(𝑟𝑒)

𝑝 (𝐸𝑛) if the function 𝑓(𝑥) in 𝐸𝑛 has
a generalized derivative in the sense of S. L. Sobolev (1), 𝑓 (𝑟𝑒)(𝑥) ∈ 𝐿𝑝(𝐸𝑛)
(𝑝 ≥ 1). The norm in this space is defined as follows:

‖𝑓, 𝐿(𝑟𝑒)
𝑝 (𝐸𝑛)‖ = ‖𝑓 (𝑟𝑒), 𝐿𝑝(𝐸𝑛)‖ = (∫

𝐸𝑛
|𝑓 (𝑟𝑒)(𝑥)|𝑝 𝑑𝐸𝑛)

1/𝑝
.
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Now let 𝑒 be such a subset of the set 𝑒𝑟 that it intersects the set 𝑒∗
𝑟, i.e. the set

𝑒∗ is nonempty. For such 𝑒 we shall say that 𝑓 ∈ 𝐿(𝑟𝑒)
𝑝 (𝐸𝑛), if 𝑓 ∈ 𝐿( ̄𝑟𝑒)

𝑝 (𝐸𝑛)
and the integral

ℐ𝑒(𝑓) = ⎛⎜
⎝

∫
∞

0
⋯ ∫

∞

0
‖Δ𝜔𝑒∗(𝑡)𝑓 ( ̄𝑟𝑒), 𝐿𝑝(𝐸𝑛)‖𝑝 𝑑𝑡𝑒∗

∏𝑗∈𝑒∗ 𝑡1+𝑝𝛼𝑗
𝑗

⎞⎟
⎠

1/𝑝

is finite, where 𝜔 = (1, … , 1) is the vector all of whose components are equal to
one; and we define the norm in this space by

‖𝑓, 𝐿(𝑟𝑒)
𝑝 (𝐸𝑛)‖ = ‖𝑓, 𝐿( ̄𝑟𝑒)

𝑝 (𝐸𝑛)‖ + ℐ𝑒(𝑓).

Let Ω be any fixed subset of the set 𝑒𝑟, and let the set 𝑒 be a subset of the set
Ω.

Definition. For 𝑖 ∈ 𝑒∗
𝑟 we shall say that 𝑓 ∈ 𝐿(𝑟𝑒,𝑟𝑖)

𝑝 (𝐸𝑛), if the generalized
derivative

𝑓 (𝑟𝑖)(𝑥) ≡ 𝜕𝑟𝑖

𝜕𝑥𝑟𝑖
𝑖

𝑓(𝑥) ∈ 𝐿(𝑟𝑒)
𝑝 (𝐸𝑛)

and we define the norm as follows:

‖𝑓, 𝐿(𝑟𝑒,𝑟𝑖)
𝑝 (𝐸𝑛)‖ = ‖𝑓 (𝑟𝑖), 𝐿𝑟𝑒

𝑝 (𝐸𝑛)‖.

For 𝑖 ∈ 𝑒∗
𝑟 we shall say that 𝑓 ∈ 𝐿(𝑟𝑒,𝑟𝑖)

𝑝 (𝐸𝑛), if 𝑓 ∈ 𝐿(𝑟𝑒, ̄𝑟𝑖)
𝑝 (𝐸𝑛) and the integral

ℐ(𝑖)
𝑒 (𝑓) = {∫

∞

0
[ℐ𝑒(Δ𝑖(𝑡𝑖)𝑓 ( ̄𝑟𝑖))]𝑝𝑡−(1+𝑝𝛼𝑖)

𝑖 𝑑𝑡𝑖}
1/𝑝

is finite, and we define the norm by

‖𝑓, 𝐿(𝑟𝑒,𝑟𝑖)
𝑝 (𝐸𝑛)‖ = ‖𝑓, 𝐿(𝑟𝑒, ̄𝑟𝑖)

𝑝 (𝐸𝑛)‖ + ℐ(𝑖)
𝑒 (𝑓).

Basic definition. We shall say that 𝑓 ∈ 𝑊 (𝑟)
𝑝 (Ω, 𝐸𝑛), if for every 𝑒 ⊂ Ω and

every 𝑖 ∈ 𝑒0
𝑟 ∖ Ω, 𝑓 ∈ 𝐿(𝑟𝑒,𝑟𝑖)

𝑝 (𝐸𝑛), where 𝑒0
𝑟 =

= 𝑒𝑟 ∪ {0}, 𝑟0 = 0, and define the norm in this space as follows:

‖𝑓, 𝑊 (𝑟)
𝑝 (Ω, 𝐸𝑛)‖ = ∑

𝑒⊂Ω
∑

𝑖∈𝑒0𝑟∖Ω
‖𝑓, 𝐿(𝑟𝑒,𝑟𝑖)

𝑝 (𝐸𝑛)‖,
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where

𝐿(∅,0)
𝑝 (𝐸𝑛) ≡ 𝐿𝑝(𝐸𝑛), 𝐿(𝑟𝑒,0)

𝑝 (𝐸𝑛) ≡ 𝐿(𝑟𝑒)
𝑝 (𝐸𝑛).

The space 𝑊 (𝑟)
𝑝 (Ω, 𝐸𝑛), for Ω = ∅ and 𝑒𝑟 = 𝑒𝑛, coincides with the generalized

space of S. L. Sobolev 𝑊 (𝑟1,…,𝑟𝑛)
𝑝 (𝐸𝑛) (see (1, 5, 7)), and for Ω = 𝑒𝑟 it coincides

with the space 𝑆(𝑟)
𝑝 𝑊(𝐸𝑛), which for integral 𝑟𝑖 (𝑖 ∈ 𝑒𝑟) was defined by S. M.

Nikol’skii (4).
Definition. By the space 𝒲(𝑟)

𝑝 (Ω, 𝐸𝑛) we shall mean the closure of the set of
smooth finite functions in the norm ‖𝑓, 𝑊 (𝑟)

𝑝 (Ω, 𝐸𝑛)‖.
Theorem 1. The spaces 𝒲(𝑟)

𝑝 (Ω, 𝐸𝑛) and 𝑊 (𝑟)
𝑝 (Ω, 𝐸𝑛) coincide for 1 < 𝑝 < ∞.

3. Let 𝑟 = (𝑟1, … , 𝑟𝑛) be a vector with nonnegative components 𝑟𝑖 (𝑖 =
1, … , 𝑛), whose support is 𝑒𝑟. For each positive 𝑟𝑗 put 𝑟𝑗 = ̄𝑟𝑗 + 𝛽𝑗, where
̄𝑟𝑗 is the greatest integer less than 𝑟𝑗, so that 0 < 𝛽𝑗 ≤ 1, and when 𝑟𝑗 = 0

put ̄𝑟𝑗 = 0; consequently, to each vector 𝑟 = (𝑟1, … , 𝑟𝑛) there corresponds
the vector ̄𝑟 = ( ̄𝑟1, … , ̄𝑟𝑛). Introduce the norms

‖𝑓, ℒ(𝑟𝑒)
𝑝 (𝐸𝑛)‖ = ⎛⎜

⎝
∫

∞

0
⋯ ∫

∞

0
‖Δ2𝜔𝑒(𝑡)𝑓 ( ̄𝑟𝑒), 𝐿𝑝(𝐸𝑛)‖𝑝 𝑑𝑡𝑒

∏𝑗∈𝑒 𝑡1+𝑝𝛽𝑗
𝑗

⎞⎟
⎠

1/𝑝

,

where 𝑒 is any subset of the set 𝑒𝑟;

‖𝑓, ℒ(𝑟𝑒,𝑟𝑖)
𝑝 (𝐸𝑛)‖ = (∫

∞

0
‖Δ2

𝑖 (𝑡𝑖)𝑓 ( ̄𝑟𝑖), ℒ(𝑟𝑒)
𝑝 (𝐸𝑛)‖𝑝 𝑑𝑡𝑖

𝑡1+𝑝𝛽𝑖
𝑖

)
1/𝑝

,

where 𝑒 is any subset of the set Ω ⊂ 𝑒𝑟 and 𝑖 ∈ 𝑒𝑟 ∖ Ω;

‖𝑓, 𝐵(𝑟)
𝑝 (Ω, 𝐸𝑛)‖ = ∑

𝑒⊂Ω
∑

𝑖∈𝑒0𝑟∖Ω
‖𝑓, ℒ(𝑟𝑒,𝑟𝑖)

𝑝 (𝐸𝑛)‖,

where

𝑒0
𝑟 = 𝑒𝑟 ∪ {0}, ℒ(∅,0)

𝑝 (𝐸𝑛) ≡ 𝐿𝑝(𝐸𝑛), 𝑟0 = 0.

Definition. By the space 𝐵(𝑟)
𝑝 (Ω, 𝐸𝑛) we shall mean the closure of the

set of sufficiently smooth finite functions in the norm ‖𝑓, 𝐵(𝑟)
𝑝 (Ω, 𝐸𝑛)‖. The

space 𝐵(𝑟)
𝑝 (Ω, 𝐸𝑛), for Ω = ∅ and 𝑒𝑟 = 𝑒𝑛, coincides with the known space

𝐵(𝑟1,…,𝑟𝑛)
𝑝 (𝐸𝑛), defined and studied by O. V. Besov (6) (see also (7, 8, 10), etc.),
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and for Ω = 𝑒𝑟 it coincides with the known space 𝑆(𝑟)
𝑝 𝐵(𝐸𝑛), defined by the

author (12).
4. Let, for any subset 𝑒 of the set 𝑒𝑟,

𝑀 (𝑟𝑒)(𝑓) = sup
𝑡𝑒

∥∏
𝑗∈𝑒

𝑡−𝛽𝑗
𝑗 Δ2𝜔𝑒(𝑡)𝑓 ( ̄𝑟𝑒), 𝐿𝑝(𝐸𝑛)∥ .

For any subset 𝑒 of the set Ω ⊂ 𝑒𝑟 and any 𝑖 ∈ 𝑒𝑟 ∖ Ω put

𝑀 (𝑟𝑒,𝑟𝑖)(𝑓) = sup
𝑡𝑖

𝑡−𝛽𝑖
𝑖 𝑀 (𝑟𝑒)(Δ2

𝑖 (𝑡𝑖)𝑓 ( ̄𝑟𝑖)).

Definition. By the space 𝐻(𝑟)
𝑝 (Ω, 𝐸𝑛) we shall mean the closure of the set of

sufficiently smooth finite functions in the norm

‖𝑓, 𝐻(𝑟)
𝑝 (Ω, 𝐸𝑛)‖ = ∑

𝑒⊂Ω
∑

𝑖∈𝑒0𝑟∖Ω
𝑀 (𝑟𝑒,𝑟𝑖)(𝑓),

where

𝑒0
𝑟 = 𝑒𝑟 ∪ {0}, 𝑀 (∅,0)(𝑓) = ‖𝑓, 𝐿𝑝(𝐸𝑛)‖.

An analogous remark is also made for 𝐻(𝑟)
𝑝 (Ω, 𝐸𝑛) (see (2,3,7,11).

5. Let the vector 𝑟 = (𝑟1, … , 𝑟𝑛) be such that 𝑒𝑟 = 𝑒𝑛, i.e., the components of
this vector are positive numbers. Further, let 1 < 𝑝 ≤ 𝑞 ≤ ∞, let Ω be any
fixed subset of the set 𝑒𝑛 = {1, … , 𝑛}, let 𝑚 be any natural number ≤ 𝑛
and 𝑒𝑚 = {1, … , 𝑚}, and let 𝜈 = (𝜈1, … , 𝜈𝑛) be a vector with nonnegative
integer components. Put

𝜀𝑗 = 1 − (1
𝑝 − 1

𝑞 ) 1
𝑟𝑗

− 𝜈𝑗
𝑟𝑗

> 0 (𝑗 ∈ Ω ∩ 𝑒𝑚 ≡ Ω∗), 𝜀𝑖 = 1 − 1
𝑝𝑟𝑖

− 𝜈𝑖
𝑟𝑖

> 0

(𝑖 ∈ Ω ∖ Ω∗), 𝜀Ω = 1 − 1
𝑝 ∑

𝑗∈𝑒𝑛∖Ω

1
𝑟𝑗

− ∑
𝑗∈𝑒𝑛∖Ω

𝜈𝑗
𝑟𝑗

+ 1
𝑞 ∑

𝑗∈𝑒𝑚∖Ω∗

1
𝑟𝑗

> 0.

Theorem 2. Let 𝑓 ∈ 𝑊 (𝑟)
𝑝 (Ω, 𝐸𝑛), and let the vector 𝜌 = (𝜌1, … , 𝜌𝑚) be such

that its components satisfy the conditions:

a) for 𝑗 ∈ Ω∗, 0 < 𝜌𝑗 < 𝜀𝑗𝑟𝑗, if at least one of 𝜌𝑗 and 𝑟𝑗 is an integer;
0 < 𝜌𝑗 ≤ 𝜀𝑗𝑟𝑗, if 𝜌𝑗 and 𝑟𝑗 are simultaneously nonintegers;
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b) for 𝑗 ∈ 𝑒𝑚 ∖ Ω∗, 0 < 𝜌𝑗 < 𝜀Ω𝑟𝑗, if at least one of 𝜌𝑗 and 𝑟𝑖 (𝑖 ∈ 𝑒𝑛 ∖ Ω)
is an integer; 0 < 𝜌𝑗 ≤ 𝜀Ω𝑟𝑗, if 𝜌𝑗 and 𝑟𝑖 (𝑖 ∈ 𝑒𝑛 ∖ Ω) are simultaneously
nonintegers.

Then, for any fixed 𝑥𝑚+1, … , 𝑥𝑛, 𝑓 (𝜈) ∈ 𝑊 (𝜌)
𝑞 (Ω∗, 𝐸𝑚), and the inequality holds

∥𝑓 (𝜈), 𝑊 (𝜌)
𝑞 (Ω∗, 𝐸𝑚)∥ ≤ 𝑐∥𝑓, 𝑊 (𝑟)

𝑝 (Ω, 𝐸𝑛)∥,

where 𝑐 is a constant independent of 𝑓 .

For brevity we shall denote the assertion of this theorem as follows:

𝑊 (𝑟)
𝑝 (Ω, 𝐸𝑛) → 𝑊 (𝜌)

𝑞 (Ω∗, 𝐸𝑚).

Theorem 3.

𝐵(𝑟)
𝑝 (Ω, 𝐸𝑛) → 𝐵(𝜌)

𝑞 (Ω∗, 𝐸𝑚),

where the components of the vector 𝜌 = (𝜌1, … , 𝜌𝑚) satisfy the conditions:
0 < 𝜌𝑗 ≤ 𝜀𝑗𝑟𝑗 for 𝑗 ∈ Ω∗; 0 < 𝜌𝑗 ≤ 𝜀Ω𝑟𝑗 for 𝑗 ∈ 𝑒𝑚 ∖ Ω∗.

Theorem 4. Under the conditions of Theorem 3,

𝐻(𝑟)
𝑝 (Ω, 𝐸𝑛) → 𝐻(𝜌)

𝑞 (Ω∗, 𝐸𝑚).

Theorem 5.

𝑊 (𝑟)
𝑝 (Ω, 𝐸𝑛) → 𝐵(𝜌)

𝑞 (Ω∗, 𝐸𝑚),

where the components of the vector 𝜌 = (𝜌1, … , 𝜌𝑚) satisfy the conditions:

a) for 𝑗 ∈ Ω∗, 0 < 𝜌𝑗 < 𝜀𝑗𝑟𝑗, if 𝑟𝑗 is an integer; 0 < 𝜌𝑗 ≤ 𝜀𝑗𝑟𝑗, if 𝑟𝑗 is
noninteger;

b) for 𝑗 ∈ 𝑒𝑚 ∖ Ω∗, 0 < 𝜌𝑗 < 𝜀Ω𝑟𝑗, if at least one of the 𝑟𝑖 (𝑖 ∈ 𝑒𝑛 ∖ Ω) is an
integer; 0 < 𝜌𝑗 ≤ 𝜀Ω𝑟𝑗, if all 𝑟𝑖 (𝑖 ∈ 𝑒𝑛 ∖ Ω) are nonintegers.

Theorem 6. Under the conditions of Theorem 3,

𝐵(𝑟)
𝑝 (Ω, 𝐸𝑛) → 𝐻(𝜌)

𝑞 (Ω∗, 𝐸𝑚).

I express my sincere gratitude to Academician S. L. Sobolev and Professor L. D.
Kudryavtsev for their attention to this work.
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