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ASYMPTOTIC FORMULAS

FOR A CERTAIN CLASS OF TRIGONOMET-
RIC SUMS

(Presented by Academician I. M. Vinogradov on 22 X 1965)

In this paper an asymptotic formula is obtained for a certain class of trigono-
metric sums, making it possible to judge the behavior of the modulus of such
sums as the interval of summation changes.

We shall use the following notation: n,m,t, P, a are integers, n > 20; r is a real
number, 1 < r < 0.1n; t > n; p is a prime number, (a,p) = 1; P > 1;

5. (x) 1, if2=0 (mod n),
xTr) =
" 0, ifz#0 (modn).

Theorem 1. Let ¢ = pt, P =¢'/". If

WV
—_

P:aop“"—l—alp“"_l+---+a571p—|—as, 1<ay<p—1, 0<a,<p—-1, v

is the p-adic expansion of the number P, then the asymptotic formula
- azx™
2
S = Zexp I —— = Aaopsfa + aopsfoﬂr[ﬁ + O<P17’y/r ) ,
- q
x=1

holds, where the quantities A, «, 8 are determined by the equalities

p—1
ax™ t
A=9,(t—1 exp 27wl —, a:{—}Jrl, B8 =0,(t).
( );:1 ) - (t)

The formula has a particularly simple form when P = p® and ¢t = 0 (mod n).
In this case we obtain:

ay=1, a,=0, v=12 .5 0,t—1)=0, A=0, 6,0t =1

v

Pr = ps" = pt, s=t/r; t/ns =r/n;
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S =P/ O(Pl)

For the proof of the theorem we shall need the following lemma.

Lemma. Let ¢ =p™, m>n+1, (a;,p) == (a,.1,p) = 1;

P =gq, 1<r<0.5n; f(z) = ayx + agpx® + -+ + a, p "

Consider the trigonometric sum

P
Sy = ZeXpQwif(qx).

=1

Then the estimate
1S, ] < CPl-m/r?,

holds, where C' and ~; > 0 are absolute constants.
The proof of this assertion is contained in (1), p. 239.
Proof of Theorem 1. Consider the sum

m

P

b min
§ =3 expni AET T
x=1 p

(1)

where (a,p) =1, r =t/m, 1 <r < 1/4n, and obtain an asymptotic formula

for it.

Let t = tyn+ty, 0 <ty <n—1. We split the sum (1) into t; — ¢,,(¢) + 1 sums,
collecting together the terms in x not divisible by p, divisible by p but not by
p?, divisible by p? but not by p3, and so on. According to this decomposition

we obtain the equality

n

t1—=6,,(t)
S/ _ pm7t1+5n(t)71 + Z S;,
v=0

where
pm,—u _
b m—r\n
Sl = Z exp27riw, v=0,1,...,¢, —0,(¢).
x=1 p
(z,p)=1

We split the sum over v into two:

a) 0§V§V6:|:t (1_1)}

n—1 r

b) yi+1<v<t,—4,(t).
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Consider case a). In the sum S, we make a linear change of the summation
variable of the form

T =py+z, 1<z2<p—1, 0<y<pm vt 1.

Then we have the equality

" = (py+z+bp™ V)" =ay+ apy + - + a,p"Y", (a,,p) =1,
v=20,1,2,...,n.

For the modulus of the sum 5], we obtain the estimate:

pr-1 2 n—1,n
LY+ aspy” + -+ a,pt Yy
1S, <p E exp 2mi P L .
y=0

Defining the quantity r, from the equality
(pmfufl)ry — ptfl/nfl
we obtain

t—vn—1 t—uvn—1
r,= =

v

=7 0<V<I//.
m—v—1 t—vr—r’ - =00

It is easy to show that 1 < r, < 2r, v =0,1,...,1). Applying the estimate of
the lemma, after simple computations we arrive at the estimate

S| =0 (P=/").

Consider case b). We have

m—v

P _
b m—rv\n
s,= > eprWiW, v+ 1<v <t —6,(t).
- P
(=1

For the selected values of v the inequality holds:

m—v>t—un, v=vi+1,..,t —6,().

Therefore, using the property of a complete trigonometric sum, we obtain
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l=t—vn>t—tin=t, > 1.

Ift, > 2, then ! > 2 and

I’L

P!
Z exp 2772

z=1
(p:

=0.

If, however, t, =1, then S, =0 for all v =y +1,...,t; — 1, and

P az™
Si, = pmtil Z exp 2w —.
z=1 p
If 6,,(t) = 1, then t, = 0,
t = nt,, vy+1<v<it, —1, t—vn>n>2;

S, =0, v=v)+1,..,t — 1L

Consequently,
p—1
S =pmhiTlg (t—1) Zexp2m—+pm t1— 140, ( —|—O(P1 v/r? )
=1 p

2. The equality is obvious

where b, are certain integers.

For v =0,1,...,yy = [s — 1 — 4¢t/n], for each of the inner sums there holds the
asymptotic formula which we derived above. If v > 1, then, estimating each of
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the remaining sums trivially, we obtain a remainder term of order O(P*~7/ TZ).
Thus the theorem is completely proved.

Corollary. For the sum S the inequalities hold

5« Pl if 1 < < ¥,
P/ ¢ < r < 0.1n.

The proof follows from Theorem 1 and simple calculations. Applying the esti-
mates obtained, we get the assertion (see (2)).

Theorem 2. Consider the congruence
4+t =yl+ ..+ yp  (modph),

1<z,,y, <P, v=12,..,k

For the number I of solutions of this congruence, the following asymptotic
formula holds for k > ¢ n:

I =14(p,k)P*p~" + O (P?*1p~t),

where
o pY pY ax™ 2k
Y(p, k) = pr%” Z exp 2mi —|
v=0 a=1 |z=1 p
(a,p)=1

and the constant in O depends only on k and ¢.

This result cannot be improved, since it is easy to prove the inequality

I> P2kp7tp n—2k .

Theorem 1 can be extended to a broader class of trigonometric sums.
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