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PHYSICS

A. A. SOKOLOV, B. K. KERIMOV, I. G. DZHAFAROV, R. Sh. YAKHYAEV

RELATIONSHIP BETWEEN THE STRUC-
TURE AND POLARIZATION OF PARTICLES
IN THE REACTIONS 𝑙 + ̃𝑙 ⇄ 𝑝 + ̃𝑝
(Presented by Academician N. N. Bogolyubov, 18 V 1965)

Experiments with colliding beams open up new prospects for testing the lim-
its of applicability of quantum electrodynamics and for studying the structure
(form factors) of elementary particles, which is one of the important problems
of high-energy physics. When particle–antiparticle beams collide, depending on
the conditions, both scattering processes (𝑠-channel) and annihilation processes
(𝑡-channel) may occur. As is known, when the 𝑠-channel is realized, the form
factors of the participating particles depend on spacelike values of the trans-
ferred momentum (𝑞2 > 0) and are real. This latter property facilitates their
determination. When the 𝑡-channel is realized, however, one deals with form
factors that are functions of timelike momentum transfers (𝑞2 < −4𝑀2). In
this region the form factors are complex, and direct measurements of the cross
section of the annihilation process with unpolarized particles make it possible
to determine only the squares of their moduli. For a complete determination of
the form factors themselves, experiments with polarized particles are necessary;
these were discussed in (1).
In the present paper we consider the annihilation processes

𝑒−(𝜇−) + 𝑒+(𝜇+) ⇄ 𝑝 + ̃𝑝

with polarized extended particles. The cross sections of these processes, taking
into account the polarization of only one of the strongly interacting particles,
were obtained in a number of works (1,2,10). In doing so, the authors treated
the electron (muon) as a point particle without an anomalous magnetic moment.
In the case where the initial and final particles are longitudinally polarized,
these processes were studied in detail in (3−6). The reactions 𝑝 ̃𝑝 → ̃𝑙𝑙 in the
case of arbitrary polarization of both initial particles were considered in (7).
In the present work it is shown that studying only longitudinal polarizations
is insufficient for determining the timelike form factors of particles. For this,
experiments with transversely polarized particles are required.
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In the one-photon approximation of perturbation theory, the amplitude for the
transformation of an electron–positron pair* into a proton–antiproton pair

𝑒−(𝜇−) + 𝑒+(𝜇+) → 𝑝 + ̃𝑝 (1)

has the form**

𝑆 = ( ̄𝑈𝑒+Γ𝜇𝑈𝑒−) 1
𝑞2 ( ̄𝑈𝑝𝑇𝜇𝑈𝑝̃), (2)

where

𝑇𝜇 = 𝑒 (𝐹1(𝑞2)𝛾𝜇 + 𝜒𝑝
2𝑀 𝐹2(𝑞2)𝜎𝜇𝜈𝑞𝜈) . (3)

* What is said here about annihilation and production of an electron–positron
pair is also applicable to the case of a 𝜇-pair.
** The system of units 𝑐 = ℏ = 1 and the metric 𝑎𝜇𝑏𝜇 = 𝑎𝑏−𝑎0𝑏0, 𝑎𝜇 = (𝑎, 𝑖𝑎0)
are used in this work.

operator of the proton current. Although at present there are no experimental
indications of a finite size of the electron (muon), it is not excluded that the
structure of the lepton may manifest itself at the high energies necessary for
realization of process (1). In the present work, along with the structure of
the proton–antiproton vertex, we also take into account the structures of the
electron–positron vertex. To this end we ascribe to the electron a proton-like
anomalous magnetic structure, i.e., we choose the electron current in the form

Γ𝜇 = 𝑒 (𝑓1(𝑞2)𝛾𝜇 − 𝜘𝑒
2𝑚𝑓2(𝑞2)𝜎𝜇𝜈𝑞𝜈) . (4)

In the one-photon approximation the form factors include radiative and meson
corrections, and it is precisely in this case that it is meaningful to speak of form
factors (see, for example, (8)). As for the two-photon approximation of perturba-
tion theory, according to the calculations carried out in (9,10), it changes neither
the total cross section nor the angular distribution of the reaction products.

Above, 𝐹1(𝑞2), 𝐹2(𝑞2) and 𝑓1(𝑞2), 𝑓2(𝑞2) are the Dirac and Pauli form fac-
tors (𝐹1(0) = 𝐹2(0) = 𝑓1(0) = 𝑓2(0) = 1); 𝜘𝑝 and 𝜘𝑒 are anomalous mag-
netic moments; 𝑀 and 𝑚 are the masses of the proton and electron (muon),
respectively; 𝑞𝜈 = 𝑘𝜈 + 𝑘′

𝜈 = 𝑝𝜈 + 𝑝′
𝜈 is the 4-momentum of the virtual pho-

ton; 𝑝𝜈 ≡ (p, 𝑖𝐸), 𝑝′
𝜈 ≡ (p′, 𝑖𝐸′), 𝑘𝜈 ≡ (k, 𝑖𝐾), and 𝑘′

𝜈 ≡ (k′, 𝑖𝐾′) are, re-
spectively, the 4-momenta of the proton, antiproton, electron, and positron;
𝜎𝜇𝜈 = 𝑖(𝛾𝜇𝛾𝜈 − 𝛾𝜈𝛾𝜇)/2, 𝛾𝜇 = (𝜌2𝜎, 𝜌3) are the Dirac matrices.
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A calculation in the center-of-inertia system using formulas (2)–(4) gives the fol-
lowing expression for the differential cross section for the production of arbitrar-
ily polarized extended protons and antiprotons, taking into account longitudinal
polarizations and form factors of the annihilating electrons and positrons:

𝑑𝜎𝑒→𝑝(𝑠, 𝑠′, ⃗𝜁, ⃗𝜁′) = 𝛼2

32𝐸2
𝛽
𝛽𝑒

{𝑎|𝐹𝑚|2 + 𝐺(𝜃)(1 + ( ⃗𝜁 ⃗𝜁′))

+ [−2𝐺(𝜃) + (𝑎 + 𝑎1(1 − 2 cos2 𝜃))|𝐹𝑚|2 + 2𝑎1
𝜔 cos2 𝜃 Re𝐹𝑒𝐹 ∗

𝑚](p0 ⃗𝜁)(p0 ⃗𝜁′)

− 𝑎1|𝐹𝑚|2(k0 ⃗𝜁)(k0 ⃗𝜁′) + (|𝐹𝑚|2 − 1
𝜔 Re𝐹𝑒𝐹 ∗

𝑚)

× [𝑎1((p0 ⃗𝜁)(k0 ⃗𝜁′) + (p0 ⃗𝜁′)(k0 ⃗𝜁)) + 𝑠𝑎((p0 ⃗𝜁) + (p0 ⃗𝜁′))] cos 𝜃
+ 𝑠 𝑎

𝜔 Re𝐹𝑒𝐹 ∗
𝑚((k0 ⃗𝜁) + (k0 ⃗𝜁′))

− 1
𝜔 Im𝐹𝑒𝐹 ∗

𝑚[𝑎1((n ⃗𝜁) + (n ⃗𝜁′)) cos 𝜃 − 𝑠𝑎((p0 ⃗𝜁)(n ⃗𝜁′) + (p0 ⃗𝜁′)(n ⃗𝜁))] sin 𝜃} 𝑑Ω, (5)

where

2𝐺(𝜃) = 𝑎1|𝐹𝑚|2 sin2 𝜃 + 1
𝜔2 |𝐹𝑒|2(𝑎 + 𝑎1 cos2 𝜃),

𝐹𝑒 = 𝐹1(𝑞2) − 𝑞2

4𝑀2 𝜘𝑝𝐹2(𝑞2), 𝐹𝑚 = 𝐹1(𝑞2) + 𝜘𝑝𝐹2(𝑞2),

𝑓𝑒 = 𝑓1(𝑞2) − 𝑞2

4𝑚2 𝜘𝑒𝑓2(𝑞2), 𝑓𝑚 = 𝑓1(𝑞2) + 𝜘𝑒𝑓2(𝑞2),

𝑎 = (1 − 𝑠𝑠′)|𝑓𝑚|2, 𝑎1 = −𝑎 + (1 + 𝑠𝑠′) 1
𝜔2

0
|𝑓𝑒|2,

𝑞2 = −4𝐸2, 𝛼 = 𝑒2/4𝜋, 𝛽 = 𝑝/𝐸, 𝛽𝑒 = 𝑘/𝐸, 𝜔 = 𝐸/𝑀, 𝜔0 = 𝐸/𝑚.

Here ⃗𝜁 and ⃗𝜁′ are unit vectors in the directions of polarization of the proton
and antiproton in the coordinate systems in which they are at rest (11); 𝑠 and 𝑠′

are the quantum numbers of the helicities of the electron and positron (12−14);
n = [p0k0]

|[p0k0]| is the normal to the reaction plane; 𝜃 is the angle between the
momenta
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of the electron (𝑘0 = 𝑘/𝑘) and of the proton (𝑝0 = 𝑝/𝑝); 𝑑Ω = sin 𝜃 𝑑𝜃 𝑑𝜑;
𝐹𝑒, 𝐹𝑚 and 𝑓𝑒, 𝑓𝑚 are the charge and magnetic form factors of the proton and
electron; 𝐸 is the total energy of the particles.

Averaging over the initial and summing over the final spin states of the particles,
and also assuming that 𝑓1(𝑞2) = 1, 𝑓2(𝑞2) = 0 (a point electron without an
anomalous magnetic moment), we obtain from (5), as a special case, the result
of Ref. (10). In the case of the production of longitudinally polarized protons
and antiprotons, formula (5) goes over into formula (2) of Ref. (3).
The expression for the differential cross section (5) contains terms that depend
linearly on the polarizations ⃗𝜉 and ⃗𝜉 ′. For a complete determination of 𝐹𝑒
and 𝐹𝑚, it is important to study these terms. In this case the annihilating
ultrarelativistic electrons and positrons (𝛽𝑒 ∼ 1) must be either unpolarized
or parallel-longitudinally polarized (𝑠 = −𝑠′ = 1 or −1). As shown in (3), it
is precisely these cases that are predominantly realized. In the annihilation
of antiparallel-longitudinally polarized ultrarelativistic electrons and positrons
(𝑠 = 𝑠′ = 1 or −1), the terms linearly dependent on the polarizations ⃗𝜉 and ⃗𝜉 ′

vanish.

As is seen from (5), in order to obtain new information about the electron
(muon) form factors it is important to study the annihilation of transversely
polarized electron–positron pairs. This became possible after it was found (15)
that electrons and positrons moving with ultrarelativistic velocities, under con-
ditions close to those in real storage rings, acquire, as a result of synchrotron
radiation, a predominantly transverse polarization: the spins of the electrons
are directed opposite to the magnetic field, and the spins of the positrons along
the field.

According to formulas (2)—(4) we obtain the following expression for the differen-
tial cross section for the annihilation of arbitrarily polarized extended electrons
and positrons, leading to the production of longitudinally polarized proton–
antiproton pairs (in the c.m.s.):

𝑑𝜎𝑒→𝑝(𝑠, 𝑠′, 𝜁, 𝜁′) = 𝛼2

64𝐸2
𝛽
𝛽𝑒

{|𝐹𝑚|2(1 − 𝜁𝜁′) [2|𝑓𝑚|2+ + (1 + (𝑠𝑠′)) ( 1
𝜔2

0
|𝑓𝑒|2 − 𝑏) + 2|𝑓𝑚|2(𝑝0𝑠)(𝑝0𝑠′) + +2 (𝑏1 + |𝑓𝑚|2 − 1

𝜔2
0

|𝑓𝑒|2) (𝑘0𝑠)(𝑘0𝑠′) − 𝑏2] ++ 1
𝜔2 |𝐹𝑒|2(1+𝜁𝜁′) [𝑏(1 + (𝑠𝑠′)) − 2|𝑓𝑚|2(𝑝0𝑠)(𝑝0𝑠′) − 2𝑏1(𝑘0𝑠)(𝑘0𝑠′) + 𝑏2]+2|𝐹𝑚|2(𝜁−𝜁′) [ 1

𝜔0
Re 𝑓𝑒𝑓∗

𝑚((𝑝0𝑠) + (𝑝0𝑠′)) + + (|𝑓𝑚|2 − 1
𝜔0

Re 𝑓𝑒𝑓∗
𝑚) ((𝑘0𝑠) + (𝑘0𝑠′)) cos 𝜃 − − 1

𝜔0
Im 𝑓𝑒𝑓∗

𝑚((𝑝0𝑠)(𝑛𝑠′) + (𝑝0𝑠′)(𝑛𝑠)) cos 𝜃]} 𝑑Ω, (6)

where (𝜁 and 𝜁′ = ±1)

𝑏 = |𝑓𝑚|2 sin2 𝜃+ 1
𝜔2

0
|𝑓𝑒|2 cos2 𝜃, 𝑏1 = (|𝑓𝑚|2 + 1

𝜔2
0

|𝑓𝑒|2 − 2
𝜔0

Re 𝑓𝑒𝑓∗
𝑚) cos2 𝜃,

𝑏2 = 2 (|𝑓𝑚|2 − 1
𝜔0

Re 𝑓𝑒𝑓∗
𝑚) ((𝑝0𝑠)(𝑘0𝑠′)+(𝑝0𝑠′)(𝑘0𝑠)) cos 𝜃++ 1

𝜔0
Im 𝑓𝑒𝑓∗

𝑚((𝑛𝑠)+(𝑛𝑠′)) sin 2𝜃.
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Setting in (6) (k0s) = (k0s′) = 0 and (ss′) = −1, we obtain the annihila-
tion cross section for transversely antiparallel-polarized electrons and positrons.
Formula (6) contains both the sine and the cosine of the relative phase of the
electron form factors 𝑓𝑒 and 𝑓𝑚. If in (6) we set 𝑓1(𝑞2) = 1, 𝑓2(𝑞2) = 0 and sum
over the polarizations of the produced protons and antiprotons, then we find
the expression for the cross section obtained in (16).
Upon integration over the directions of emission of the proton, the phase terms
drop out, and (6) becomes

𝜎𝑒→𝑝(s, s′, 𝜁, 𝜁′) = 𝜋𝛼2

48𝐸2
𝛽
𝛽𝑒

(2|𝐹𝑚|2(1 − 𝜁𝜁′) + 1
𝜔2 |𝐹𝑒|2(1 + 𝜁𝜁′))×× [2|𝑓𝑚|2 + 1

𝜔2
0

|𝑓𝑒|2(1 + (ss′)) + 2 (|𝑓𝑚|2 − 1
𝜔2

0
|𝑓𝑒|2) (k0s)(k0s′)] . (7)

It follows from the above discussion that, in order to determine form factors,
one must study the polarization precisely of those particles whose structure is
of interest. It should be noted that, because of the difficulty of studying the
polarizations of final particles, for the study of proton form factors process (1)
is less advantageous than the process of annihilation of arbitrarily polarized
protons and antiprotons into a lepton–antilepton pair:

p + p̃ → 𝑒− + 𝑒+, p + p̃ → 𝜇− + 𝜇+. (8)

The cross sections of these processes can be obtained from formula (5) by means
of the relation

𝑑𝜎𝑝→𝑒( ⃗𝜁, ⃗𝜁 ′, s, s′) = (𝛽𝑒|𝛽|)2 {𝑑𝜎𝑒→𝑝(s, s′, ⃗𝜁, ⃗𝜁 ′)}
𝑛→−𝑛

. (9)

Summing the last formula over the spin states of the electrons and positrons,
with 𝑓1(𝑞2) = 1 and 𝑓2(𝑞2) = 0, we obtain, in particular, the result of work
(7). The same relation as (9) holds between the annihilation cross section for
longitudinally polarized protons and antiprotons with production of arbitrarily
polarized leptons 𝑑𝜎𝑝→𝑒(𝜁, 𝜁′, s, s′) and the cross section of the inverse reaction
𝑑𝜎𝑒→𝑝(s, s′, 𝜁, 𝜁′), determined from formula (6).

In conclusion we note that the formulas obtained above can also be applied to
processes of the type

𝑒−(𝜇−) + 𝑒+(𝜇+) → 𝜇−(𝑒−) + 𝜇+(𝑒+), n + ñ

and so on.

Moscow State University
named after M. V. Lomonosov
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