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A simple homogeneous Markov chain with s+ 1 states E;, i =1,2,...,s+1, and
a positive matrix of transition probabilities {p;;}, p;; >0, 4,7 = 1,2,...,5s + 1,
1

is considered. By p; ) we denote the initial probabilities of E; and suppose that

pgl) > 0. According to (1), the matrix {pij} will be simple and regular, and

the chain will be ergodic; in this case there exists a unique set of positive final
(1)

7 0

probabilities p,;, ¢ =1,2,...,s+ 1, independent of the initial probabilities p

s+1 s+1

ZPE‘U = sz' =1
i—1 i—1

Let m; denote the number of occurrences of E; in n trials, and let m;; denote
the number of transitions from state £, to state E; in the same n trials.

1. Let us compute the number K of distinct chains of length n, composed of
s + 1 states, having a prescribed set of numbers of transitions m;; from
E; to Ej;, beginning with state E; and ending with state £ .

The numbers m; and m;; satisfy the conditions

s+1 s+1
g m; =n, g m;;=n—1
i=1 i,j—=1
and are connected by the relations
s+1 s+1
m;; =m,; for i+ jo; E m; ;=m; — 1 (1)
J=1 J=1
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s+1 s+1

E my; =my  for j # iy E My, = my, — 1,
i=1 =1

in consequence of which, among the (s 4+ 1)(s + 2) variables m, and m,;, only

i)
s? + s+ 1 will be independent; as independent variables we shall choose m,, i =
L,2,...,s+1,and my;, i, =1,2,...,s.

We shall carry out the computation of K by induction on the number of states
of the chain. Let

K(S)

igo My, Mg, o mg ks 4,5 =1,2,.,5s — 1)

ij
be the number, known to us, of chains from s states with fixed numbers m;
of occurrences of all E;, i = 1,2,...,s, and numbers of transitions k;;, ¢,j =
1,2,...,5s =1 (k;5 and kg; are uniquely expressed in terms of only the indicated
parameters). From these chains we construct new chains into which the state
E, .y will enter m; times and in which a fixed set of transitions m;;, i,j =
1,2,...,s, from state E, to state E;, will be obtained.

Consider an arbitrary chain composed of s states. Among its elements we must
in a certain way place series of states £, ;. Among all pairs of adjacent states
E,E;, i,j = 1,2,...,s, and the number of such pairs is k,;;, choose v;; pairs
which we shall separate by a series of states F ;; the number of such choices is

~

equal to C,"7. Thus, m,,; occurrences of the state F, ; must be divided into

tJ

S
7= Z Vij
ij=1

series,

which can be done in a number of ways equal to C;Z:l_l. Note that when ,;
series of states I/, ; are placed between the components of the pairs ElE;, the
number of these pairs will decrease by +;;, and precisely this new number of
remaining pairs k;; —;; must be equal to m;; in the new chain; hence

k/‘l‘]:mlj—’—fyl]’ Z’j:1,27.,s (2)

Since

S S
E ki = E m; — 1,
ig=1 i=1

we have
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S S
7:Zmi—1— Zmij:const. (3)
=1 ig=1

For fixed v,;, the number of new chains obtained from the old ones by adding
mg, states B, will be equal to

K(5> (m17m27 "'ams; mz] +,yz]7 7’7] = 172a ey S — 1)0771 —1 H CZ:]

toJo Msi1 i Y5
ij=1
Summing over all ;;, we obtain the recurrence formula
(s+1) . S _ _ 1 }: (s) . R
toJo (1m0, Mg, ooy Mgy Mz 6§ =1,2,..., s)= = Cmsu*l Kiojo (M My, g M+ 4,5 = 1,2
Vij
4,3=1,2,...,8

Let us also show how Kffj)o is found for two states E; , E; (with i # jo).

We divide the m; states E; and the m; states E; into the same number

m;, —m, ;. of ordered series (with such a number of series there will be exactly
m, . transitions from E, to E. , while the numbers of transitions m, . ,m. . ,

0% %0 L0 %0Jo Jo%o
and m; ;. are fixed automatically). The ordered series, without disturbing their
order, are placed into one chain, putting the series from EZ-O in the odd positions

and the series from E; in the even positions; then the chains will begin with
E; and end with Ej .

Thus the number of all such chains is
1 miofmioiofl

= Cm:g:l oo Cm -1 . (5)

Jo

K@

0Jo
The quantity K 1(320 is found analogously.

By direct substitution one can verify that the following expression satisfies the
recurrence formula (4) (for i # jj):
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1 my mlio m1J0 mys
my my my my
UL 1 ioio _ ULAR _ Miys
(m;, — D TLE, mj! My iy M, my,
K o i=1
C m.m HSH m, ;! m; m; , +1 m; ; —1 m;
Jo s+ L1 5=1""%g0 | Jol . _"Jo% e 1 — _Jodo _ Jos
m]oil m]oil m]oil m]oil
Mgy _mSio SJo 1— Mg
mS mS mS mS

For iy = jy, the row of the determinant with this number takes the form

mjol o mjo mjos

77.-.7 7.-.7_ I}
mjo_l mjo_l mjo_l

and the remaining rows remain unchanged.

Remark. An expression equivalent to (6) was obtained by elementary methods
in (2); the formula for K given in (3) is erroneous.

2. Let P;:Lj)o ({m;;}) be the probability of observing numbers of transitions
forming the matrix {m,;}, 4,5 = 1,2,...,s + 1, in n trials beginning with the
occurrence of E; and ending with the occurrence of E; . Then

s+1

n 1 UL
Pz’(oj)(]({mij}) = KPEO) l_llpij ) (7)
1,]=

where K is determined by formula (6). Putting

my; = np;Pi; + &ij/TPiDijs ,j=12,..,s+1,
m; = np; + z;\/np;, i # Jo,

mjo - 1 = npjo + Zj() m, (8)
A& =1/\/npipij, i,i=1,2..,s,
Az =1/\/np;, i=1,2,...,s.

we find, as a consequence of (1),

s+1

Zgij\/@:zi, i=1,2,...,5+1. (9)
j=1
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Moreover, the following limiting relations (obtained as n — oo) are valid:

s+1

Zgij\/pipij:'zj pja ]: 1,2,...,S+1,
=1

s+1

Zzi p; = 0. (9)

i=1

Regarding the variables §;; and z; as varying within finite limits, with the aid
of Stirling’ s formula and taking (8) and (9) into account, we bring (7) to the
form

P ({my;}) = pi. 270€‘WZII AQJIIAZ (1+0(n7'2),  (10)

7,j=1 1=
where
s 1/2
Hpi L=pin =Pz —Pis
C = 1 i=1 —P21 I —poy o —Dos
(27T)( 5%+5)/2 s+1 . . . .
2
+ sz s+1 Hps+1] _psl _p32 o l_pss
s+1 s+1 s+1 9
Q=> -2 =2 (=) (12
1,j=1 ,7=1

Summing (10) over i, and j, from 1 to s + 1, we obtain the probability of
observing the transitions {m,;} in an arbitrary segment of n observations:

0 ({my}) = Ce@2 T Ae, [[ A1 +0m12).  (3)

ij=1 i=
Thus, we have proved the

Local limit theorem. The numbers of transitions {m,;}, under the normal-
ization (8), have a joint asymptotically normal dis-

* In (3), in the expression for @, p; is printed instead of p,;.

distribution with density Ce 9/ with s? + s normally correlated variables &
iaj: 1327~-~75, Zis 1= 172,...,8

259
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Remark. Integrating C'e~%/2 with respect to the variables Sijp,J=1,2,....,
over the limits from —oo to 0o, we obtain the local limit theorem for the numbers
of states of a Markov chain, previously proved in (4). On the other hand,
considering pairs of states as states of a new chain having (s + 1)? states, one
can obtain the same local theorem by using the result of A. N. Kolmogorov (4).

3. The frequencies m;/n and m,;/m, are naturally to be regarded as statisti-
cal estimates, respectively, of the final probabilities p, and of the transition
probabilities p;;, obtained by the maximum-likelihood method.

Let us note that the random variable (12) has a x? distribution with s + s
degrees of freedom.

From (12) and (8) it follows that

1 1 2
Q= i my —mipy)” i (mijp») i, = Qi (14)
npzpj i,j=1 m; + pl] " ! "

where 7,,, as n — oo, tends to zero with probability one.

Considering an inequality of the form @, < L as a criterion for testing, from ob-
servations, the simple hypothesis H, fixing the probabilities {pij}7 we conclude
on the basis of (14) that, for large n, this criterion is asymptotically distributed
according to the x? law with s? + s degrees of freedom. As always, the critical
region is the region of large values of Q).

If, along with the hypothesis H,, we allow the possibility of an alternative
hypothesis H,, close to Hj, under which the probabilities p;; receive a certain

displacement c;;/\/n
s+1
£
=1

then, under the hypothesis H, the criterion (), asymptotically follows a noncen-
tral y2-distribution with s? + s degrees of freedom and noncentrality parameter
> cf] This circumstance can be used to estimate the power of the criterion and
to estimate a sufficient number of observations for distinguishing the hypotheses.

Remark. One could also have refrained from assuming the positivity of all
p;j- The main conclusions of the paper remain valid if the matrix {p;;} is
indecomposable and regular (1), since then there exists a unique set of final
probabilities. The equality to zero of individual p;; leads only to a corresponding
reduction in the number of degrees of freedom.
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