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The geometry of an m-surface in affine space for m =n —1 and m = n — 2 was
studied by V. V. Wagner (7). A. E. Liber (?) considered the geometry of an m-
surface under the condition that m and n satisfy the inequality 2n < m(m + 3).
Later, A. E. Liber (3°®) and P. I. Shveikin (®7) studied the geometry of an
m-surface for arbitrary m, but under the condition that the tangent spaces of
higher order have the greatest possible dimension. We impose no restrictions on
m and n and do not require the greatest possible dimension of the tangent spaces
of higher order, but assume only that all points of the surface are ordinary.

Let

x® =1%(n?) (o, B,7,...=1,...,m; a,b,c,...=1,...,m) (1)

be the equations of an m-surface. We shall call an m-surface p-planar if it lies in
some p-dimensional plane. Otherwise the surface will be called nonplanar. Since
the study of a planar surface can be reduced to the study of a nonplanar surface
in some affine space of smaller dimension, it is natural to restrict ourselves to
considering the case of a nonplanar surface.

Let the tangent spaces of the m-surface up to order v inclusive (v > 1) have
the greatest possible dimension, but less than n, and let, beginning with order
(v+1), they have dimension lower than the greatest possible. Then there exists
an s such that the dimension of the tangent space spanned by the vectors

1 (i=1,...,v+s), (2)

is equal to n, while the dimension of the tangent space of order lower than (v+s)
is less than n. A surface of this type will be called a surface of differential class
(v+s).

If Nb* (p, =1,...,m,) is a solution of the system of equations
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N,0, ...0

a“a; a;

*=0 (i=1,..,v+s—1), (3)

then the associated affinor

Ps _ Ps
HY:.a., = N9, .0

a

(o3

PG
(s)

is different from zero. Suppose that there exists a relative invariant W of the

associated affinor (4), not equal to zero. As is known (®), the weights k; and k,
(s) (s)

of the relative invariant W are in the ratio m,(v + s) : (—m). Raising W to a

(s)
suitable power, we obtain a relative invariant I with weights k; = m (v + s)
and ky = —m.

The associated affinors (4) and

ay..a 1 ol
1-Yuo4+s __
HPS (s aHgf...a N (5)
satisfy the conditions
1@y 1b
Hgls'"au+s—1aHgs o = m8627 (6)

Ps ayQuis __ Ps
Haj.a, Hq =mdg;,  (7)

s

and therefore the vectors

1 a a
e o s I 8
n m P (8)

Py ay Ayis

will be basis vectors of a certain vector space B,, .
s

If No* ' (p,_; = 1,...,m, ) is a solution of the system of equations

N_n% =0; Ny, 0,1 =0 (i=1,...,v+s—2), 9)

then the associated affinor

Ps—1
Healwla

= NE19, .0, 1*  (10)

vs—1 B PR

will be different from zero. If there exists a relative invariant W= of the
affinor (10) that is not equal to zero, then, raising it to a suitable power, we
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obtain a relative invariant I with weights k; = m,_;(v +s—1) and ky = —m.
The vectors

1 Ay..Qyys
ny = EHP':” 0, ...8(1”57110‘ (11)
will be basis vectors of a certain vector space B,, o Slmllarly, one finds the
basis vectors ny (i =1,...,s — 2) of the vector spaces B,,

It is not difficult to see that

m1+m2+...+m5:n+1—<m+y) (12)
m

and the vectors

0y, 0 1% ny. (i=1,...,v; k=1,..,9) (13)
are linearly independent. Therefore the vector spaces B, (k = 1, ..., s) partially

equip the m-surface.

If the relative invariants W of the m-surface are not equal to zero, then the
method proposed by the author [8] for constructing relative invariants of as-
sociated affinors of type (4) makes it possible to find the basis vectors ng of
the partially equipping spaces B,,, . Thus, for example, for the two- d1mens1onal
surface in six-dimensional space

Hu; vy u?; 0?5 ud; V3), (14)

(2) (1)
which has differential class (1 + 2), as the relative invariants W and W one may

take the hyperdeterminant of the matrix

o7 {p2} {2} pplsa} T2}
Hpateas = HYG lH 1q[21[1 Hy 55 }1 Hy?y) 5 (15)
(2)3 (4)(5)(6 (2) 3) (4)(5)(6)

where symmetrization is carried out over the combined index {pq}, and alter-
nation over each i-th index of adjacent elements separately (i = 2,3,4,5,6),
and

W
W = Det (Hn %),  (16)

where
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v — )
HP0 = HPHS) - (17)

(1) 2)
Simple computations show that the relative invariants W and W are not equal

to zero, and therefore may be used for constructing partially normalizing spaces.

Since the vectors (13) form a basis, the vector 9, -9,

. 1* admits a unique
v+l

expansion in these vectors. Let Tﬁ;;;;f;;vl be the coefficients of the expansion at
the vectors 0, -+ 0, I*. Then the object

Ty =Ty ha  (18)

aj...a,_ba

is transformed according to the law

TS, =AY AL AL TE +mlV Y ACH,, AL,

+2(v — )m" 2 ALSE 0, AL, + P(v — 2)05,AS 0, AL, (19)
where
v—1
Pv) = (v — k)ymv—k-1 (20)
k=0

It follows from this that the object

ba = 1) Tbe T T P(y) @) T D p(y)

Tbéc

a?’

T, = Teeb (22)

is the object of the affine connection in X,, corresponding to the m-surface.

Using the connection found, we obtain the vectors

lg‘ln_ai = Val ~~~Vail°‘ (i=1,..,v). (23)
The vectors
15 a ny. (i=1,...,v; k=1,...,5). (24)

determine an invariant normalization of the m-surface. The covariant vectors
Lot N&F (i = 1,...,v; k = 1,...,8), where the covectors La'"® are deter-
mined by the conditions
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a1 100 (. a1 o _ A ay.-0; 100 _ caq..a;, aq.-a; 100 .
Lo =05 Lot ing =050 Lot "l =6, Lot =00 (29)

and form the basis reciprocal to the basis (24).

It is not difficult to show that the derivative formulas of the surface under
consideration have the form

v, ie =1 (i=1,..,v—1),

a‘ay...a; aaq...a;’
= by...b
a — 1% Ja Py e}
valal.“a,/ - E :haa1~~~aulb1“.bi + Haa1~~~aunp17 (26>
i=1

J+1

v
b;...b; q
o 19100 k gy
vanpj - ZKapj lbl"'bi + ZMapjn‘Ik
i=1 k=1

(where the summation over k for j = s is carried out up to k = s).
Thus we obtain:

Theorem. An m-dimensional surface of differential class (v + s) is determined
in an affine space, up to an automorphism, by specifying the objects of the
system of differential equations (26) that satisfy the integrability conditions.
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Note: Figure translations are in progress. See original paper for figures.
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