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§ 1. Basic definitions. Let us first consider the even-dimensional complex Eu-
clidean space R, n = 2v, referred to an orthonormal basis e;. Let 71, g, ..., Vo,
be matrices of dimension 2¥, which by definition satisfy the equation

YiYj Y = 20,1, (1)
where §,; is the Kronecker symbol, and I is the identity matrix of dimension
2”. Introduce the notation v, ; , = *F U2y, 4, oy i < iy < <

i,. The matrices I,7;, are linearly independent and form a

Yiyyigs oo s Yigvig..i,
group of 2% elements. As is known, any two solutions =;,; of equation (1) are

connected by the equality 7, = 7,71, detT # 0, and the matrices 7; may

be chosen Hermitian and in such a way that v;, s, ..., 7, are symmetric, while
V15 Vyias - s You are antisymmetric ().
Let L = [I?| be an orthogonal transformation of the space Rj,. The set of

unimodular matrices S, defined by the equation

Tp = lgqusil’ (2)

forms a group realizing a representation of the group L, called the spin repre-
sentation.

An object 1) = {¢*} with components v, defined up to sign and transforming
according to the representation S, is called a spinor of first rank in the space
R3,.

If ~; is a solution of (1), then, obviously, 77 (7] are the transposed +;) is also

a solution of (1); therefore there exists a matrix C' such that 77 = Cv,C 1,
detC' =1.
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If v is odd, then it is easy to see that C' = v,7v,_; - 7;; if v is even, then C =
Yo " Y41 in the case when vy,7,,...,7, are symmetric and v, 1,7,,2,-- V20
are antisymmetric. Hence it follows that C7 = (—1)**~1/2C. If ¢, are the
covariant components of the spinor %, then, by definition, v, = ei]q/;j , Where

E = el = M2y oy g O

In the space R}, select a pseudo-Euclidean space R£f> of index s, fixing the basis
i€y ...le,e,y ... €,. Introduce the Hermitian matrix 11, defined by the equations

H,yinfl =4, I = (71>(V75)(V78+1)/21; (3)

here the minus sign is for ¢ = 1,...,s, and the plus sign for i = s +1,...,2v.
A dot over a letter denotes complex conjugation. The spinor ¢ = Il is called
conjugate with respect to .

Let us now consider odd-dimensional spaces R;, n = 2v+1. We denote 7y, ; =
©“V1,2,. 2, The matrices with an even number of indices I,7; ;s sV i, 4,
(z'p =1,2,...,2v 4+ 1) are linearly independent. The spin representation of the
proper orthogonal group L of transformations of the space R,,_; is given by the
group of matrices S, defined from equation (2), in which the indices p,q take
values from 1 to 2v + 1.

The covariant components of the spinor 1, are determined by the matrix E:

(1)~ = By Bt

The conjugate spinor 1 in the space Résy) +1 1s determined by the matrix II

+7; = (1) Iy I,

where the minus sign is for i = 1,2, ..., s.

§ 2. Representation of spinors by a system of complex
tensors

Consider the complex matrix ¥ = {1/} of dimension r. If ¢¥ = i), then the
¥ satisfy the equalities

Ykl = ikl = itk il = i, ()

among which the independent ones are 7(r+1)/2—1r equations 1)**1)" = p¥i)*J
(i, # v, ¥"¥ # 0) and %r(r — 1) equations % = 7. In all there are 72 —r
independent equations. Conversely, it follows from (4) that there exists a system
of 7 components 1*, determined up to sign, such that ¢% = 1)%)7. Indeed, if
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YV = 0 for all v, then from (4) it follows that ¢/ = 0 for all values of the
indices ,j. If ¢y % 0, then set

e I RVA T2 (5)

In view of (4), this definition of ¥* does not depend on the value of the index
v.

Suppose now that the 1% are the components of an object ¥ transforming
according to the representation S x S, where S is any representation of some
group, and let the equations (4) be invariant with respect to the group S x S.
Then the components ¥*, defined according to (5), transform according to the
representation S. Indeed, it follows from (5) that the transformation of ¥
is determined by the transformation of ¥* in a unique way. Obviously, the
invariance of the identities (4) is preserved if the ¥* transform according to
the representation S; consequently, by uniqueness, the ¥ can transform only
according to the representation S. Thus, the object 1%/ satisfying the identities
(4) is equivalent to the object ¥*.

Let S be the spinor representation of the 2v-dimensional orthogonal group. It
is known that

2v
Sx S8~ Dk
k=0

where DF is the representation according to which the tensor of rank &, antisym-
metric in all indices, transforms. Hence, in this case the object ¥" is equivalent
to the tensor aggregate

A={cy, ¢, ¢

i Cijigr o Ci1i2“.i2y}'

If S is the spinor representation of the (2v 4 1)-dimensional group, then

S xS~ D2k,

v
k=0

therefore, the object ¥ is equivalent to a tensor aggregate consisting of tensors
of even ranks.

The components of antisymmetric tensors Cj ;.
ing way:

may be defined in the follow-

g

Civigoin, = (Aisis i )ap?™, Aiigd, = Evi i, - (6)

Since det £ # 0 and the v; ;, ; are linearly independent, the A4; ; ; are also
linearly independent, and, consequently, the aggregates A are indeed equivalent
to the objects ¥".
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Using the symmetry properties of C, one can show that the matrices 4, ;

.
have the following symmetry properties:

(Aill'Q...ik)T = (*1)(11(”1)%(“1))/2 qineiy

Therefore, if 1/ satisfies the identities (4), then the part of the tensors c; Ly
for which [v(v +1) + k(k+1)]/2 is odd vanishes. If )% satisfy the identities (4),

then the tensors ¢; ; ; satisty %2”(2" — 1) independent bilinear identities, all
of which contain—

be obtained in generalizing the Pauli identity for the case of an n-dimensional
space [2]

2V (T 0y) (Y 0') Z Z (W %4y iy D) (W0 Y5, O)

=1 11 <ip<<1y, (7)

+ (W) (T0p), n=2v.

2v+1

2¥(Yre)(ro'yp) = Z Z (¢+%1i2.“i2k1/’)(¢+9/’Yili2u.izk,9¢)

=1 iy <ip<-<iy

T W) WTO0Y), n=2w+1,

where 0, 0 are arbitrary matrices of dimension 2”; 9", 1) are the covariant and
contravariant components of a spinor.

Thus, a spinor ¢* in the space R}, n = 2v, 2v + 1, is equivalent to a tensor
aggregate A consisting of complex antisymmetric tensors satisfying the %2"(2” —
1) bilinear identities (7). In view of this, any spinor equation can be written in

an equivalent manner as an equation in the components of the tensors ¢; ;. ;, -

We note that formula (5) determines the components 9% in any coordinate

systems, but the transformation of the components ¥* to curvilinear coordinates
turns out to be nonlinear with respect to ¢*.

§ 3. Representation of spinors by a system of real tensors. Consider
an r-dimensional complex matrix ¢P?. Let ¥P? = P9, Then P! satisfy the
identities

PP = (P, (8)

among which the independent ones are (r —1)? real equations ”")P9 = o)"45)P¥
(p,q #+ v, ¥’ # 0) and r? real equations P? = (19?)". Obviously, if the
components 1)* determine the matrix 1/??, then the components ¥*¢*?, and only
they, determine the same matrix %9,
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Conversely, it follows from (8) that there exists a system of components ¥,
determined up to a phase €', such that ¢ = ¢/P¢%. Indeed, if ¥"¥ = 0 for all
v, then from (8) it follows that 1?9 = 0 for all p,q. In this case we put ¥* = 0.
If 4"V + 0, then set

vk
Yk = L e, @ is an arbitrary real number. (9)
+ ¢Vll

In virtue of (8), such a definition of the set ¥* does not depend on the value of
v. It can be shown that only the components y* determined by (9) satisfy the
equation P4 = Py,

Let 9P be the components of an object transforming according to the repre-
sentation S° x S, where S is any representation of some group, and let the
equalities (8) be invariant with respect to the group S° x S. Then, obviously,
one can specify such a transformation law ¢ that the components ¥* transform
according to the representation S.

Thus, specifying an object 1?4 satisfying the identities (8), and the argument ¢
of one of the components ¥*, completely determines the object ¥*. Let S be the
spinor representation of the 2v-dimensional orthogonal group of transformations
of the space Ré‘? It is known that

2v
S xS~ Z D*.
k=0

Hence the object 929 is equivalent to the tensor aggregate Q0 = {Q,€; ... Q; iyin b
consisting of antisymmetric tensors.

If S is a spinor representation in the space R(28V>+1, then S* x § ~~
ZZ:O D% and in this case the object ¥P? is equivalent to the aggregate

Q={09Q;, ..Q }, consisting of antisymmetric tensors of even rank.

i1%g G109...00,,

The components of these tensors may be defined as follows:

_ - e _ ‘k(k+1)/2
Qilirz.”ik = (Dilig...ik)oﬂ/) ) Diliz...ik = EH%‘l%‘Q Vi, (k+1)/2,

Using (3), one can show that the matrices D, ; ; are Hermitian.

Therefore, if ¢P4 satisfy the identity 1?7 = (¢/%")", then the components €; ;
are real. If ¢P? satisfy the identities (8), then the components of the tensors
Q, 4,4, satisfy (2 —1)? bilinear identities, each of which is contained in identity
(7)

Thus, specifying the aggregate Q and the argument ¢ of one of the components
y* completely determines the spinor. Hence, the spinor equations can be written
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in an equivalent form in the components of the aggregate {2 and ¢. Eliminating
the argument ¢ from such equations, one can then obtain a closed system of
equations in the components of the aggregate €.

I express my sincere gratitude to L. I. Sedov for valuable advice in the course
of this work.
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