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1. Let there be given a four-dimensional Riemannian space G with metric tensor
9:;» specified in some holonomic coordinate system (z*), and in it a nonholonomic
coordinate system (Z'), consisting of frames with metric

ds® = Gij dZ'da) = —dz'? — dz?? — d73% + d3*?,
where at each point of the space G the relations
di' = alda’, dz’ = bidi7, (1)

hold, where ||a;\| = ||b§\|’1, with sufficiently smooth functions b; of z*. From the
equality _

b}cbljgij = i (2)
|bi ]l is determined up to a Lorentz transformation of the frame. A spinor field 1,

(a=1,2,3,4), as a field of quantities transforming according to a representation
of the Lorentz group of frame rotations, which we shall suppose to be given by

constant Dirac matrices 7;* * (1), satisfying the condition
’Nyic,aﬁjb,c + %jfa:yil?c = 2-62']'61(71’ (3)

is defined in the nonholonomic coordinate system; therefore parallel transport
of spinors is generated by parallel transport of frames (2).

Let us transport the frame from the point =’ to the point 2* + dz? in parallel,
and let 6} +d&’ (dw™ = —d&”") be its infinitesimal Lorentz transformation; then
the corresponding spinor transformation v/, = S%¢, gives

’ L. ~ij
wa - wa = dwa = Zo—ibj,awb diw*, (4)

where

~ ~

1
a — c 7 a ~c 2a
%ijb = 3 (%‘,b%‘,c - %b%c) :
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Since, according to parallel transport of a vector,

it pg J 9P

- , dat
=D}di* = (a}bibqfl - bgbq-q> ak dz™,

we obtain, for the increment of the spinor components under parallel transport,
the formula

1.,. da?
dipy = Tj hyda®,  Tf, = 25,5 (bg ok Fgl) . ()

Consider the conjugate spinor ¥*%, and let lowering and raising of indices be
performed with the aid of the invariant fundamental spin-tensor e*** contrac-
tion always being over the second index; then, since 1)1%), is a scalar, if there
are no reflections along 7* (1), we obtain the formula for parallel transport for
¢+a:

diyptt = —@[J*an,admk. (5")

* The letters a,b denote spinor indices; the sign ~ indicates that the quantity
is referred to the system (Z").

* ¢2b gatisfies the relation

ab.ji c _ ha
€Y% €cd =7 g

Parallel transport of spinors makes it possible to introduce covariant differen-
tiation of spintensors, denoted by the symbol V,. As is known, v¢, may be
regarded as components of a vector with respect to the index 1 and as com-
ponents of a spinor with respect to the indices a and b. It is easy to verify
that

Vi = 070/02 = Tpg, + 75 e = Th e = 0. (6)

Using (3), (5), and (6), one can derive that

1
ViVjb, =V;Viy, = —Zapq,abi/}bRﬁpqv (7)

where R

jipq 18 the curvature tensor of the space G.

2. Let (2°) be the reference frame of an observer studying physical phenomena in
the medium under consideration, and let (£%) be a comoving coordinate system:
£ (o =1,2,3) determine the individual points of the medium—the continuum;
variation of &% at fixed £* gives the world line of a point of the continuum in
the space G. By the law of motion of the medium we shall mean the relation
vt = i (h).
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Consider the general variational equation of the form (3,%)

5/Ld7+6W+5W*:0. (8)
\4

where

i ps

. . 1 1
L= Athy, Vithe, V Vi, 0d 5% €%, Ay, Vi Ay, S,lk)JraRJrﬁ  FR

A is a prescribed scalar function of the indicated arguments; 1, is a certain
spinor field; R is the scalar curvature of G; F); = VA, — VA, is the
electromagnetic-field tensor; A; is the electromagnetic potential; x; = 0z OEP;
the scalar S is entropy; I* are prescribed nonvaried tensors with components in
the system (£°); V is an arbitrary four-dimensional volume; dr is the invariant
element of this volume. The variation W is represented by an integral over the
surface ¥ bounding V, of a linear combination of the variations dg/, V,6g¥,
5., 0V 1, 02, §A; and is determined by the specification of the function A
and of yW*, which is defined by the formula

SW* = / [p06S — Yo5ih, — X*oyt — Q,00" — NG A,
14
—V,(YPa5y, + YRV, 1, + QIox' + NIGA)] dr,  (10)

where all coefficients multiplying the variations are prescribed, and the scalar p
is the density, defined by the relation V,(pu’) = 0, representing the continuity
equation, where u’ = dx'/ds is the four-velocity, ds is the element of length
along the world line. All functions are assumed sufficiently smooth. The symbol
d denotes variation at constant ¢! of the form:

Sp = 0p + 6x°V,p, (11)

where O = p/(x) — p(z), and p is an arbitrary spintensor. The spintensors fyfb“,
e are not varied.

Let us write down several auxiliary formulas that can be obtained from relations
of the form (11):

i S )
oz, = 2,V o0z,

0V g = V00, + 062 (V;V b, — V;Viih,) — V02" - Virh, — 1,005,
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0V, A, = V04, + 5xi(ViVjAk =V, V,A;) — Vj&ri -V Ay — AT, (12)

5vivjq/)a = vi(svjwa*vidrs'stjwa+6'rp(vpvivjwaivivpvjwa)ivjwb arg,aivaa 6F]Z]a

where
81—‘?’17 = Akij’bavkagil, 8]‘—‘;]9 = BSpjkilvpagil,
7 a 1 D D ia
A ksq,b  — g(grsdq +gkq55)0p ,bo
1
Bnklmij =7 [gnk(gilgjm + Gimj1) — 5}1(911'5»]% + Gpni6fF) — 67 (gzj5fn + gmj5zk)] .

From (2) and (6) we have

. . 1 )
075" = 07" " = 57." 09"
Substituting into (8) (see (4)), taking these formulas into account and applying
the generalized Stokes theorem, in view of the arbitrariness of the variations
g™, v, oyt oz, §A;, 85, and putting W and all variations on X equal to
zero, we obtain

OA oA 1 1
<3 3 V"t 5717#%,1)@) +;Ril+EFsiFls_L9il+2kak‘il =0; (14)

1
2\07,

S V.R_-
2sz 4

1 1[( OA OA

ONJOY, + V, @F =Y +V, YFe, (16)
ONJOYS = X% (17)

ONJOA; + V; M7 = NP + VN7, (18)
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OA/OS = —pb,  (19)

where
Ry = R;..%
DF = (831\% -V av?$s¢a> Ak.sil,ab¢b++av?$jwa (Ak.su,abvj%//b + Bpk.sjizvp%) +8V6:\Aj35k.pjz‘lAs
Pk, = (83,?% -V, 3Vf$kwa> Viz/)a+avféj%vivjwa++ (ava?Ag + 4177Fkl> VA —ak 38% —L&E+QF ,;
Pha = _832\% + VS@V?%% +yhe o M= _angl - %F“ + NH.

Taking equations (14)—(19) into account, from (8) we obtain

oW = / (D’“.ilég” + Gk”_ilvpﬁg” + ‘Dk,afwa + <I>’“57a5V31l)a + + Pk_jézj + MkléAl) ny, do, (21)
by
where

1 N
GFs = — (0705 + 0867 —29F°gy);  @F = ——+YF 20’
il 4X ( [ + [ g gzl) ,a avkvs¢a + ,a ( )

3. The definitions of the coefficients in dW may be regarded as equations of
state of the medium, determining the internal generalized stresses. Equations
(14)—(16), (18) are certain laws of change of the quantities D¥ P"C'j7 .
M?7*, which characterize the generalized stresses acting on the variations 0g*,
ox', 6v,, 6A;. The spinors Y*, X* and the vectors Q;, N* enter equations (15)
—(18) as generalized forces. The coefficients of the variations in 6W correspond
to volume and surface sources of energy.

Consider a variation caused only by a rotation of the local frame dw" = —Jw’?,
and let V 0w be set equal to zero; then from (4)

1 - 1 - -
0, =Y, = Zaiﬁaz/}b ow", 6V, = zai;{avswb ow” and W = /S’“,ij ow"ny, do,
b
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where

1
Sk.ij T ((I)kaa-ijb,awb + ‘ﬁks’aaiﬁavs%) . (22)
Equality (22) determines the distribution of internal spin moments, which in-
clude the spin-tensors Y*%¢ and Y*$2. Equations (18) are the second pair of
Maxwell equations.

The tensor Pk_j is called the energy-momentum tensor. Taking (16)—(19) into
account, the equation of motion of the medium (15) takes the form

AN dIF deP

oA oA

Ak 9P
In the absence of a medium, i.e. if the arguments of A do not include .5, acli,, and
¥, and with 6, Qjs Nt Y and X® in §W* equal to zero, equation (15) is a
consequence of equations (16)—(18). In this case P* ; need not be introduced,
nor need z¢ be varied. The tensor T};, appearing in Einstein’ s equation (14),

1
R, — §Rgiz + X1y =0,

T.

1125

1 oA oA 1 1
47

By Y, + ol e Yaz’,b) +— (Fisﬂs — iststgil>_Agil+2kak.il

in the general case does not coincide with the tensor Py,.

The energy equation is obtained from (23) by contracting with u’, and it may
be regarded as the entropy-balance equation for 6 # 0

pDS =

! P4 N'DA, + YD XDyt 1 vV, Fk OA or* 24
3 Qu' +  + , + ¢a+\/‘aﬂ k JFW@ ) (24)

oA
where F¥ = :
Ox},
the system (£%). If one uses a more concrete specification of the functions A, 6,
Y, X @Q;, N*, and relies on their physical meaning, then equation (24) can

x];scfl, the operator D = u'V,;, and g;; is the metric tensor in

be written in the form pDS = Vkﬁk + o, where H* =0 in the proper reference
frame,** and, according to the second law of thermodynamics, ¢ > 0. This
condition imposes restrictions on the specification of A, 6, Y, X, @);, and N".
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The formalism developed above makes it possible to introduce, as defining pa-
rameters characterizing the medium, a spinor field with its first and second
covariant derivatives, which is determined by equations (16) and (17). The in-
troduction of dW* describes irreversible processes occurring in the medium. In
addition, in the absence of a medium one can obtain a generalization of the
Dirac equation and of the Klein-Gordon equation in elementary-particle theory
to the case of their interaction with gravitational and electromagnetic fields.

In conclusion, the author expresses gratitude to L. I. Sedov for valuable com-
ments and discussions of this work.
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* In the expression Vix’;, covariant differentiation acts only on the index k.

** A nonholonomic coordinate system (Z¢) with the axis #* directed along the
tangent to the world line.
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