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Abstract
Full Text
UDC 533.95.2

PHYSICS

V. N. MELNIKOV

EQUATIONS FOR GREEN’S FUNCTIONS

IN COULOMB SYSTEMS WITH COLLISIONS
(Presented by Academician N. N. Bogolyubov on 24 II 1966)

An electrically neutral system with Coulomb interaction is considered, in which
one species of particles moves in a cloud of spatially compensating charge of
the other species. We shall start from the kinetic equation obtained from Bo-
golyubov’s general chain (1) by Lenard (2), with the addition to it of a spatially
inhomogeneous term

𝜕𝐹1(𝑡, 𝑥1)
𝜕𝑡 = [𝑝2

1/2𝑚, 𝐹1(𝑡, 𝑥1)]+[𝑈(𝑡, 𝑟1), 𝐹1(𝑡, 𝑥1)]++ 𝜕
𝜕𝑝1𝑖

∫ 𝑑𝑝2𝑄𝑖𝑗(𝑝1, 𝑝2) {𝜕𝐹1(𝑡, 𝑥1)
𝜕𝑝1𝑗

𝐹1(𝑡, 𝑥2) − 𝜕𝐹1(𝑡, 𝑥2)
𝜕𝑝2𝑗

𝐹1(𝑡, 𝑥1)} , (1)

where

𝑈(𝑡, 𝑟) = 𝑛 ∫ Φ(|𝑟 − 𝑟1|){𝜌(𝑡, 𝑟1) − 1} 𝑑𝑟1; 𝜌(𝑡, 𝑟) = ∫ 𝐹1(𝑡, 𝑥) 𝑑𝑝;

𝑥𝑖 = {𝑟𝑖; 𝑝𝑖}; 𝑄𝑖𝑗(𝑝1, 𝑝2) is obtained from the Lenard kernel 𝑄𝑖𝑗(𝑣, 𝑣′) by trans-
forming the equation from the variables 𝑣, 𝑣′ to 𝑝1, 𝑝2 and changing the normal-
ization of the distribution function from 𝑛 to 1. We note that the last term in
(1) is obtained under the assumption that 𝐹2(𝑡, 𝑥1, 𝑥2) = 𝐹2(𝑥1, 𝑥2 ∣ 𝐹1), i.e.,
for 𝑡 > 𝜏syn, where 𝜏syn is the synchronization time of the higher distribution
functions with 𝐹1.

It is easy to show that the Maxwell distribution is a stationary solution of (1), not
only in the spatially homogeneous case (see (2)), but also in the inhomogeneous
case. Suppose that in an equilibrium system an external field with Hamiltonian

𝐻 = 𝑛
2𝜋 𝑒−𝑖𝐸𝑡𝛿𝐴(𝑥) = 𝑛

2𝜋 𝛿𝐴(𝑡, 𝑥)

is switched on adiabatically. Then, taking into account the presence of 𝛿(𝑘𝑝1 −
𝑘𝑝2) in 𝑄𝑖𝑗 and in 𝛿𝑄𝑖𝑗, for small variations 𝛿𝐹1(𝑡, 𝑥) = 𝐹1(𝑡, 𝑥) − 𝐹 0

1 (𝑝) we
obtain from (1)
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𝜕𝛿𝐹1
𝜕𝑡 = [ 𝑝2

2𝑚, 𝛿𝐹1] +𝑛 ∫[Φ(|𝑟−𝑟′|)𝛿𝐹1(𝑡, 𝑥′); 𝐹 0
1 (𝑝)] 𝑑𝑥′++ 𝑛

2𝜋 [𝛿𝐴(𝑡, 𝑥); 𝐹 0
1 (𝑝)]+ 𝜕

𝜕𝑝𝑖
∫ 𝑑𝑝2𝑄0

𝑖𝑗(𝑝, 𝑝2)×× {𝜕𝐹 0
1 (𝑝)

𝜕𝑝𝑗 𝛿𝐹1(𝑡, 𝑥2) + 𝜕𝛿𝐹1(𝑡, 𝑥)
𝜕𝑝𝑗

𝐹 0
1 (𝑝2) − 𝜕𝛿𝐹1(𝑡, 𝑥2)

𝜕𝑝2𝑗
𝐹 0

1 (𝑝) − − 𝜕𝐹 0
1 (𝑝2)

𝜕𝑝2𝑗
𝛿𝐹1(𝑡, 𝑥)} , (2)

where 𝑄0
𝑖𝑗 means that 𝐹 0(𝑝) has been substituted into it in place of 𝐹1(𝑡, 𝑥).

Using the properties of integrals of generalized functions, 𝑄0
𝑖𝑗 can be computed

exactly in the coordinate system in which (𝑝1 − 𝑝2) ∥ 𝑘𝑧. As a result we obtain

𝑄0
𝑖𝑗(𝑝1, 𝑝2) = 𝑒4𝑚𝑛

|𝑝1 − 𝑝2| ∫
2𝜋

0
𝑑𝜑 𝜒𝑖𝜒𝑗

Im{𝜒0 ln[1 + (4𝜋𝑛𝑟3
𝑑)2/𝜒0]}

Im 𝜒0 , (3)

where

Re 𝜒0(𝑢) = 1 − 2 𝑢
𝑝2

𝑇
𝑒−(𝑢/𝑝𝑇 )2 ∫

𝑢

0
𝑒(𝑡/𝑝𝑇 )2 𝑑𝑡, Im 𝜒0 = −√𝜋 ( 𝑢

𝑝𝑇
) 𝑒−(𝑢/𝑝𝑇 )2 .

and the notation has been introduced: 𝜒⃗ is a unit vector along k; 𝑢 = 𝜒𝑝; 𝜑 is the
angle determining the position of k in the plane perpendicular to (p1 −p2); 𝑟𝑑 is
the Debye radius. Since 𝑄0

𝑖𝑗 enters the integral only as the product 𝑄0
𝑖𝑗𝐹 0

1 (𝑝/𝑝𝑇 ),
one may restrict oneself to its values at small 𝑢/𝑝𝑇 , i.e., take Re 𝜒0 = 1 and
Im 𝜒0 = 0. Then, taking into account the inequality, explicit for Coulomb
systems, 𝑛𝑟3

𝑑 ≫ 1, (3) becomes

𝑄0
𝑖𝑗 = 2𝜋𝑚𝑛𝑒4

|p1 − p2| ln(4𝜋𝑛𝑟3
𝑑) (𝑖𝑗 = 11, 22).

In an arbitrary coordinate system,

𝑄0
𝑖𝑗 = 2𝜋𝑚𝑛𝑒4𝑔−3(𝑔2𝛿𝑖𝑗 − 𝑔𝑖𝑔𝑗),

where g = p1 − p2. Thus, incidentally, we have obtained that the kernel of the
linearized Bogolyubov—Lenard equation (1) becomes the kernel of the linearized
Landau equation for 𝑝 ≪ 𝑝𝑇 , although the equations themselves differ only
slightly owing to the cutoff factor 𝐹 0

1 (𝑝/𝑝𝑇 ) for all 𝑝.

We next carry out the transition to equations for Green’s functions with the
aid of the theorem on the variation of the mean value of a dynamical quantity
(3). As shown in (4), this theorem is also valid for classical systems. According
to this theorem,

𝛿𝐹1(𝑡, 𝑥)/𝛿𝐴(𝑡, 𝑦) = ⟨⟨𝐴𝑥 ∣ 𝐴𝑦⟩⟩𝐸, 𝛿𝐴(𝑡, 𝑥)/𝛿𝐴(𝑡, 𝑦) = 𝛿(𝑥 − 𝑦). (4)
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Varying (2) with respect to the external field and substituting (4), we obtain

−𝑖𝐸⟨⟨𝐴𝑥1
∣ 𝐴𝑦⟩⟩𝐸 = [𝑝2

1/2𝑚; ⟨⟨𝐴𝑥1
∣ 𝐴𝑦⟩⟩𝐸]+

+ 𝑛 𝜕𝐹 0
1 (𝑝1)

𝜕𝑝1𝛼
∫ 𝜕Φ(|r1 − r2|)

𝜕𝑟1𝛼
(∫⟨⟨𝐴𝑥2

∣ 𝐴𝑦⟩⟩𝐸 𝑑𝑝2) 𝑑𝑟2 + 𝑛
2𝜋

𝜕𝛿(𝑥 − 𝑦)
𝜕𝑟1𝛼

𝜕𝐹 0
1 (𝑝1)

𝜕𝑝1𝛼
+

+ 𝜕
𝜕𝑝1𝛼

∫ 𝑑𝑝2 𝑄0
𝛼𝛽(p1, p2){𝜕𝐹 0

1 (𝑝1)
𝜕𝑝1𝛽

⟨⟨𝐴𝑥2
∣ 𝐴𝑦⟩⟩𝐸 +

𝜕⟨⟨𝐴𝑥1
∣ 𝐴𝑦⟩⟩𝐸

𝜕𝑝1𝛽
𝐹 0

1 (𝑝2)

−
𝜕⟨⟨𝐴𝑥2

∣ 𝐴𝑦⟩⟩𝐸
𝜕𝑝2𝛽

𝐹 0
1 (𝑝1) − 𝜕𝐹 0

1 (𝑝2)
𝜕𝑝2𝛽

⟨⟨𝐴𝑥1
∣ 𝐴𝑦⟩⟩𝐸}. (5)

The last equation is transformed by the Fourier method, i.e.,

⟨⟨𝐴𝑥1
∣ 𝐴𝑦⟩⟩𝐸 = 1

(2𝜋)3 ∫ 𝐺(𝑘)𝑒𝑖kr 𝑑k,

so that for the Fourier transforms in space we have

−𝑖𝐸 𝐺(𝐸, 𝑘, 𝑝1, 𝑝′) = −𝑖 (kp1
𝑚 ) 𝐺(𝐸, 𝑘, 𝑝1, 𝑝′)+

+ 𝑖𝑘𝛼𝑛 𝜕𝐹 0
1 (𝑝1)

𝜕𝑝1𝛼
Φ(𝑘) ∫ 𝐺(𝐸, 𝑘, 𝑝2, 𝑝′) 𝑑𝑝2 + (6)

+ 𝜕
𝜕𝑝1𝛼

∫ 𝑑𝑝2 𝑄0
𝛼𝛽(p1, p2){𝜕𝐹 0

1 (𝑝1)
𝜕𝑝1𝛽

𝐺(𝐸, 𝑘, 𝑝2, 𝑝′) + 𝜕𝐺(𝐸, 𝑘, 𝑝1, 𝑝′)
𝜕𝑝1𝛽

𝐹 0
1 (𝑝2)

− 𝜕𝐺(𝐸, 𝑘, 𝑝2, 𝑝′)
𝜕𝑝2𝛽

𝐹 0
1 (𝑝1) − 𝜕𝐹 0

1 (𝑝2)
𝜕𝑝2𝛽

𝐺(𝐸, 𝑘, 𝑝1, 𝑝′)} + 𝑖𝑘𝛼𝑛
2𝜋 𝛿(𝑝1 − 𝑝′)𝜕𝐹 0

1 (𝑝1)
𝜕𝑝1𝛼

.

Introducing

𝑀̂ = 𝜕
𝜕𝑝𝛼

{∫ 𝑑𝑝2 𝑄0
𝛼𝛽(𝑝𝑝2) [𝜕𝐹 0(𝑝2)

𝜕𝑝2𝛽
− 𝜕

𝜕𝑝𝛽
𝐹 0(𝑝2)]} ,

ℒ(𝐸, 𝑘, 𝑝, 𝑝′) = 𝑛k 𝜕𝐹 0(𝑝)
𝜕𝑝 Φ(𝑘) ∫ 𝐺(𝐸, 𝑘, 𝑝, 𝑝′) 𝑑𝑝 + 𝑛

2𝜋 𝛿(𝑝 − 𝑝′) k𝜕𝐹 0(𝑝)
𝜕𝑝 ,

𝐿(𝐸, 𝑘, 𝑝, 𝑝′) = −𝑖 𝜕
𝜕𝑝𝛼

∫ 𝑑𝑝2 𝑄0
𝛼𝛽(𝑝, 𝑝2) {𝜕𝐺(𝐸, 𝑘, 𝑝2, 𝑝′)

𝜕𝑝2𝛽
𝐹 0(𝑝) − 𝜕𝐹 0(𝑝)

𝜕𝑝𝛽
𝐺(𝐸, 𝑘, 𝑝2, 𝑝′)} . (7)
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it can be brought to the form

(𝐸 − kp
𝑚 + 𝑖𝑀̂) 𝐺(𝐸, 𝑘, 𝑝, 𝑝′) + ℒ(𝐸, 𝑘, 𝑝, 𝑝′) + 𝐿(𝐸, 𝑘, 𝑝, 𝑝′) = 0. (8)

The solution of (8) is symbolically written in the form

𝐺(𝐸, 𝑘, 𝑝, 𝑝′) = − ℒ + 𝐿
(𝐸 − kp/𝑚 + 𝑖𝑀̂)

. (9)

The initial equation (1) that we used was obtained to within the small parameter
𝜀 = 4𝜋𝑒2/𝜃𝑟𝑑, where 𝑟−2

𝑑 = 4𝜋𝑒2𝑛/𝜃.

Let us estimate the orders of magnitude of ℒ and 𝐿 in 𝜀. To do this, in equation
(8) we pass to dimensionless quantities, introducing ̃𝑝 = 𝑝/𝑝𝑇 , where 𝑝𝑇 =√

2𝑚𝜃, 𝑘̃ = 𝑘/𝑘𝑑, 𝑘2
𝑑 = 𝑟−2

𝑑 . Then ℒ ∼ 𝑒2𝑛/𝑝𝑇 𝑘𝑑, 𝑄0
𝑖𝑗 ∼ 𝑚𝑛𝑒4𝑝−1

𝑇 ln(4𝜋𝑛𝑟3
𝑑),

and, consequently, 𝐿 ∼ 𝑚𝑛𝑒4 ln(4𝜋𝑛𝑟3
𝑑)/𝑝3

𝑇 ,

𝐿/ℒ ∼ 𝑚𝑒2𝑘𝑑 ln(4𝜋𝑛𝑟3
𝑑)/𝑝2

𝑇 = 𝑒2 ln(4𝜋𝑛𝑟3
𝑑)/𝜃𝑟𝑑 ∼ 𝜀 ln(4𝜋𝑛𝑟3

𝑑).

Since ln(4𝜋𝑛𝑟3
𝑑) is of the order of several units, while 𝜀 is small, in (9) 𝐿 may

be neglected in comparison with ℒ. Then

𝐺(𝐸, 𝑘, 𝑝, 𝑝′) = − ℒ
(𝐸 − kp/𝑚 + 𝑖𝑀̂)

. (10)

In other words, one may say that in equation (8) the first two terms have order
𝐺/𝑡, and the last 𝐺/𝜏rel, where 𝜏rel ∼ 𝑛𝑟3

𝑑/𝜔0 ln(4𝜋𝑛𝑟3
𝑑). Therefore expression

(10) is valid for times 𝑡 < 𝜏rel. Together with Bogoliubov’s condition of syn-
chronization of correlation functions, we arrive at the conclusion that 𝐺 in the
form (10) is valid for 𝜏syn < 𝑡 < 𝜏rel.

As is seen from (6) and (10), for 𝜀 = 0 we obtain for the Green functions
the Vlasov equation with a self-consistent field and its solution, found by N. N.
Bogoliubov, Jr., and B. Sadovnikov in (4). Taking the collision term into account,
owing to the presence of 𝑖𝑀̂ in the denominator of (10), will give additional
damping. Since 𝑀̂ ∼ 𝜀, we seek the solution (10) in the form 𝐺 = 𝐺0 + 𝜀𝐺1,
where 𝐺0 is the solution of an equation of Vlasov type (4). For 𝐺1 we obtain
the equation

(𝐸 − kp/𝑚)𝐺1(𝐸, 𝑘, 𝑝, 𝑝′) + ℒ + 𝑖𝑀̂𝐺0(𝐸, 𝑘, 𝑝, 𝑝′) = 0. (11)

Integrating it with respect to 𝑝′,
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(𝐸 − kp/𝑚)𝐺1(𝐸, 𝑘, 𝑝) + ℒ(𝐸, 𝑘, 𝑝) + 𝑖𝑀̂𝐺0(𝐸, 𝑘, 𝑝) = 0; (12)

𝐺0(𝐸, 𝑘, 𝑝) = 𝑧(𝐸, 𝑘)(kp)𝑒−(𝑝/𝑝𝑇 )2

(𝐸 − kp/𝑚) , 𝑧 = 𝑛𝑐
2𝜋𝑚𝜃

1
{1 − (2𝑘𝑛𝑣(𝑘)/

√
2𝜋𝑚𝜃) 𝐵(𝐸, 𝑘)}

(13)

Introducing 𝑓1(𝐸, 𝑘) = ∫ 𝐺1(𝐸, 𝑘, 𝑝) 𝑑𝑝, after division of (12) by (𝐸 − kp/𝑚)
and subsequent integration over 𝑝, we find that

𝑓1(𝐸, 𝑘) = −𝑖 ∫ 𝑀̂𝐺0 𝑑𝑝
(𝐸 − kp/𝑚)/ {1 − 2𝑘𝑛𝑣(𝑘)√

2𝜋𝑚𝜃
𝐵(𝐸, 𝑘)} . (14)

Taking 𝑀̂ from (7), after rather cumbersome calculations we obtain

𝛼 = ∫ 𝑀̂𝐺0 𝑑𝑝
(𝐸 − kp/𝑚) = 8𝜋𝐷𝑧𝐸𝑘2

3𝑚 ∫
∞

0

Φ(𝑝/𝑝𝑇 ) 𝑝𝑒−(𝑝/𝑝𝑇 )2

(𝑘2𝑝2/𝑚2 − 𝐸2)2 𝑑𝑝−−16𝜋𝐷𝑧𝐸𝑘4𝑝2
𝑇

3𝑚3 ∫
∞

0

Φ(𝑝/𝑝𝑇 ) 𝑝𝑒−(𝑝/𝑝𝑇 )2

(𝑘2𝑝2/𝑚2 − 𝐸2)3 𝑑𝑝+32√𝜋𝐷𝑧𝐸𝑘4𝑝𝑇
3𝑚3 ∫

∞

0

𝑒−2(𝑝/𝑝𝑇 )2𝑝2 𝑑𝑝
(𝑘2𝑝2/𝑚2 − 𝐸2)3 ; (15)

Φ(𝑥) = 2√𝜋 ∫
𝑥

0
𝑒−𝑡2 𝑑𝑡, 𝐷 = 2𝜋𝑚𝑛𝑒4 ln(4𝜋𝑛𝑟3

𝑑).

For large 𝑘 the integrals in (15) diverge. In the approximation of small 𝑘, and
also 𝑝 ≪ 𝑝𝑇 , since under this condition the replacement of (3) by the Landau
kernel is valid, 𝑎 = 4𝜋𝐷𝑧𝑘2𝑝2

𝑇 /3𝑚𝐸3,

𝑓1(𝐸, 𝑘) = −𝑖 4𝑛2𝑘2𝑒4 ln(4𝜋𝑛𝑟3
𝑑)

3
√

2𝜋 (𝑚𝜃)3/2𝐸3ℰ2 , (16)

where ℰ is the denominator in (14). 𝑓0(𝐸, 𝑘) (see (4)) at small 𝑘 gives

𝑓0(𝐸, 𝑘) = 𝑛𝑘
𝜋

√
2𝜋𝑚𝜃

𝐵(𝐸, 𝑘)
ℰ ≃ 𝑛𝑘2

2𝜋𝑚𝐸2ℰ.

For 𝑓1(𝐸, 𝑘) we shall finally have

𝑓1(𝐸, 𝑘) = −𝑖𝑓0(𝐸, 𝑘)𝜈eff
𝐸ℰ, 𝜈eff = 4

3

√
2𝜋𝑛𝑒4

𝑚1/2𝜃3/2 ln(4𝜋𝑛𝑟3
𝑑). (17)

We note that 𝜈eff coincides with the result (5) for the case of frequencies smaller
than 𝜔0, where our consideration is also valid. The complete Green’s function
will be
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𝑓(𝐸, 𝑘) = 𝑓0 + 𝑓1 = 𝑓0 (1 − 𝑖𝜈eff
𝐸ℰ) = 𝑓0(𝐸, 𝑘)

(1 + 𝑖𝜈eff/𝐸ℰ) . (18)

It is known that the poles of the Green’s function give the frequencies and
damping of the system. Writing 𝐸 = 𝜔 + 𝑖𝛾, we find that for plasma waves at
small 𝑘

𝜔2 = 𝜔2
0 − 𝜈2

eff/4 = 𝜔2
0{1 − 𝜀2 ln2(4𝜋𝑛𝑟3

𝑑)/288𝜋3}; (19)

𝛾 = −𝛾L + 𝛾coll = −𝛾L − 𝜈eff/2 = −𝛾L −
√

2𝜋𝜀 𝜔0 ln(4𝜋𝑛𝑟3
𝑑)/24𝜋2, (20)

where 𝛾L is Landau damping. As was to be expected, 𝛾coll ∼ 𝜀, i.e. the inequality
𝛾coll ≪ 𝜔 is satisfied.

The next approximation in 𝑘 gives a correction to the Vlasov frequency and
damping with dependence on the wave vector, along with Landau damping,

𝛾′ = −
√

2𝜋𝜀 𝜔0 ln(4𝜋𝑛𝑟3
𝑑)

24𝜋2 (1 + 3𝜃𝑘2

𝑚𝜔2
0

) − 𝛾L, (21)

𝜔′2 = 𝜔2
0 [1 − 𝜀2 ln2(4𝜋𝑛𝑟3

𝑑)
288𝜋3 ] + 3𝜃𝑘2

𝑚 [1 − 𝜀2 ln2(4𝜋𝑛𝑟3
𝑑)

144𝜋3 ] . (22)

These calculations were carried out for a Landau-type kernel. If one takes the
more accurate approximation (3), which correctly conveys the general behavior
and, in particular, preserves the asymptotics of the integrand at small and large
momenta, then 𝜈eff will be smaller by a factor of

√
2, and instead of (21) and

(22) we obtain

𝛾″ = −
√𝜋𝜀 𝜔0 ln(4𝜋𝑟3

𝑑)
24𝜋2 (1 + 4𝜃𝑘2

𝑚𝜔2
0

) − 𝛾L,

𝜔″2 = 𝜔2
0 [1 − 𝜀2 ln2(4𝜋𝑟3

𝑑)
576𝜋3 ] + 3𝜃𝑘2

𝑚 [1 − 𝜀2 ln2(4𝜋𝑟3
𝑑)

216𝜋3 ] .

In conclusion I express my deep gratitude to Academician N. N. Bogolyubov for
his constant attention to the work, and to Prof. Yu. L. Klimontovich and B. I.
Sadovnikov for useful discussion.

Moscow State University
named after M. V. Lomonosov

Received
14 II 1966

sovietrxiv.org/items/ru-196601.05938 Machine Translation

https://sovietrxiv.org/items/ru-196601.05938


REFERENCES
1. N. N. Bogolyubov, Problems of Dynamical Theory in Statistical Physics,

1947.

2. A. Lenard, Ann. Phys., 10, 3 (1960).

3. D. N. Zubarev, Sov. Phys. Usp., 71, 1 (1960).

4. N. N. Bogolyubov, Jr., B. I. Sadovnikov, ZhETF, 43, 8 (1962).

5. V. P. Silin, ZhETF, 41, 3 (9) (1961).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196601.05938 Machine Translation

https://sovietrxiv.org/items/ru-196601.05938

	Abstract
	Full Text
	V. N. MELNIKOV
	EQUATIONS FOR GREEN’S FUNCTIONS
	IN COULOMB SYSTEMS WITH COLLISIONS
	REFERENCES


