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Abstract

Full Text
UDC 533.95.2
PHYSICS

V. N. MELNIKOV
EQUATIONS FOR GREEN’ S FUNCTIONS

IN COULOMB SYSTEMS WITH COLLISIONS

(Presented by Academician N. N. Bogolyubov on 24 II 1966)

An electrically neutral system with Coulomb interaction is considered, in which
one species of particles moves in a cloud of spatially compensating charge of
the other species. We shall start from the kinetic equation obtained from Bo-
golyubov’ s general chain (1) by Lenard (?), with the addition to it of a spatially
inhomogeneous term

oF(t,xy) 0 / OF,(t,zq) B OF (t, z,
o [p1/2m, Fy(t,z,)]+[U(t, ), Fl(tax1)]++4ap1i dpQQij(plvPQ) 76131]‘ Fy(t, zs) 73p2j
where

Ut,r) =n / O(r —ri)iplt,ry) — 1hdr;  plt,r) = / F\(t, ) dp;

x; = {r;;p;}; Q;;(p1,p2) is obtained from the Lenard kernel @;;(v,v’) by trans-
forming the equation from the variables v, v” to py, p, and changing the normal-
ization of the distribution function from n to 1. We note that the last term in
(1) is obtained under the assumption that F,(t,z,2,) = Fy(zq, 24 | Fy), ie.,
for t > 7., where 7, is the synchronization time of the higher distribution
functions with F}.

n

It is easy to show that the Maxwell distribution is a stationary solution of (1), not
only in the spatially homogeneous case (see (?)), but also in the inhomogeneous
case. Suppose that in an equilibrium system an external field with Hamiltonian

H="eBt5A(r) = "L 5A(t, )
2 27

is switched on adiabatically. Then, taking into account the presence of §(kp; —

kpy) in @;; and in 6Q);;, for small variations 6F(t,x) = F(t,z) — FP(p) we

obtain from (1)
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doF, ﬁ
ot |2m

where Q?j means that F°(p) has been substituted into it in place of F(t,x).
Using the properties of integrals of generalized functions, Q?j can be computed

exactly in the coordinate system in which (p; —ps) || k,. As a result we obtain

etmn [T Im{x° In[1 + (47nr3)?/x°
[ o B G
0

QY(py,py) =
DT py — py| Im y°

where

RexO(u) = 1 — 2% ¢~tu/pr? / QP gt Tma® = /7 (“) (/).
P ) Pr

and the notation has been introduced: ¥ is a unit vector along k; u = xp; ¢ is the
angle determining the position of k in the plane perpendicular to (p; —ps); 74 is
the Debye radius. Since Q?j enters the integral only as the product Q%F Y(p/pr),s
one may restrict oneself to its values at small u/py, i.e., take Rex? = 1 and
Imy® = 0. Then, taking into account the inequality, explicit for Coulomb
systems, nr5 > 1, (3) becomes

2rmnet
0 = ————In(4mnrd) (ij = 11, 22).
7 |py — pol ¢

In an arbitrary coordinate system,

Qy; = 2mmnetg 3 (%0, — 9,9;);

where g = p; — p,. Thus, incidentally, we have obtained that the kernel of the
linearized Bogolyubov—Lenard equation (1) becomes the kernel of the linearized
Landau equation for p <« pg, although the equations themselves differ only
slightly owing to the cutoff factor F}(p/pr) for all p.

We next carry out the transition to equations for Green’ s functions with the
aid of the theorem on the variation of the mean value of a dynamical quantity
(). As shown in ¥, this theorem is also valid for classical systems. According
to this theorem,

SF (t,2)[0A(ty) = ((Ay | Ay)) g, 0A(L2)/5A(LY) =d(z —y).  (4)
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Varying (2) with respect to the external field and substituting (4), we obtain

—iB(Ay, [ A))p = [p1/2m: {(Aq, [ Ay)p]+
+naF?(p1)/a<1><Ir1 — 1)) </<<A12 |Ay>>Edp2) ar, + 1@ =) O (py)

Op14 Oy 2m Ory, P10
0 / OF(py) (A, 1Ak
+—/d 0 , — 1 A, | A +—=2 YR
5y | 2 Qo p2>{ T ey | A+ = LR ()
O{(A,, | A g IF) (py)
— 2 VO R(p) — (4, | A . 5
R ) — S AL [ Ae e (5)

The last equation is transformed by the Fourier method, i.e.,

Ay, | A))s = ﬁ / G (k)™ dk,

so that for the Fourier transforms in space we have

k
—iEG(E,k,p,,p’) = —i (%) G(E, k,py,p")+

OF0
+Zkocn aifpl) (I)(k)/G(E7k>p27p/)dp2+ (6)
la
0 / OFY(py) OG(E, k,p,,p")
+— | d 0 , LV QB k,py,p)) + ——— P2 T RO
e P2 @aps(P1 pg){ 015 (E,k,py,p") iy 1 (p2)
8G(E7kap23p/) 0 3F10<p2) k n aFlo(pl)
eSSl Ay — L2 (B kypyp) v +i28(p, — p .
rs L(p1) s (E,k,p1,p") 5 0(PL = 1) ..
Introducing
-0 / [aFo(pz) 9 ]}
M=—2[dp,Q° — —F0 7
81%{ D2 a,B(pr) Opas s (p2)
, OF° , n .., OF°
e tpp) = ik 2D @) [ Gk o+ 2ot k2
m i
) / {GG(E/{,pz,p’) IF°(p) }
L(E,k,p,p’) = —i — [ dp, Q° 4(p, IR E VRO (p) — L G(E, k,py, ) b 7
(E,k,p,p") ape | P2 Qop(P:p2) Irs (p) 0 (E,k,pa,p") (7)
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it can be brought to the form

k R
(B~ 24 illl) G(E.bp.p') + LB, pp') + LELp ) =0 (3)

The solution of (8) is symbolically written in the form

L+ L

G(E, k,p,p') = — _.
b = = e m 1 ill)

(9)

The initial equation (1) that we used was obtained to within the small parameter
e = 4me? [Or,, where r;% = 4mwe?n /6.

Let us estimate the orders of magnitude of £ and L in €. To do this, in equation
(8) we pass to dimensionless quantities, introducing p = p/py, where pp =
V2mb, k = k/ky, k% = r;?. Then £ ~ e*n/prky, ng ~ mnelpr! In(4rnrd),
and, consequently, L ~ mne* In(4wnr3)/p3.,

L)L ~ me®kyIn(4mnrs) /p% = € In(dmnrd) /0r, ~ e ln(4nnrs).

Since In(4mnr3) is of the order of several units, while ¢ is small, in (9) L may
be neglected in comparison with £. Then

L
(E —kp/m +iM)

G(E,k,p,p") = — (10)

In other words, one may say that in equation (8) the first two terms have order
G/t, and the last G/7,, where 7, ~ nr3/wyIn(4wnr3). Therefore expression
(10) is valid for times t < 7,,. Together with Bogoliubov’ s condition of syn-
chronization of correlation functions, we arrive at the conclusion that G in the

form (10) is valid for 7, <t < 7.

syn

As is seen from (6) and (10), for € = 0 we obtain for the Green functions
the Vlasov equation with a self-consistent field and its solution, found by N. N.
Bogoliubov, Jr., and B. Sadovnikov in (¥, Taking the collision term into account,
owing to the presence of iM in the denominator of (10), will give additional
damping. Since M ~ ¢, we seek the solution (10) in the form G = G° + eG*,
where G° is the solution of an equation of Vlasov type (Y. For G' we obtain
the equation

(E —kp/m)GY(E, k,p,p’) + £+ iMG(E, k,p,p’) =0. (11

Integrating it with respect to p’,
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(E —kp/m)GY(E, k,p) + £(E, k,p) +iMG°(E, k,p) = 0; (12)

GO k.p) = =(, ) R ne ! (13)
y R, D) = 2 ) 5 z =
(E—kp/m) 2mmo {1 — (anv(k)/\/ 27rm9) B(E, k;)}
Introducing fY(E,k) = [ G'(E, k,p)dp, after division of (12) by (E — kp/m)
and subsequent integration over p, we find that
, MGO dp 2knv(k)
1E,kz//{1 BE,k}. 14
PR = =i [ s O ). 0
Taking M from (7), after rather cumbersome calculations we obtain
o / MG dp _ 8wDzEFk? /°° ®(p/py) pe /P’ e 167Dz Ek*p2. /OO ®(p/py) pe /P’
~ ) (E—kp/m) __ 3m (k2p2/m2 — E2)2 7 3m® (k2p2/m? — E2)3
2 ’ —t2 4 3
O(x) = 7 A et dt, D = 2mmne* In(4mnrs).

For large k the integrals in (15) diverge. In the approximation of small &k, and
also p < pp, since under this condition the replacement of (3) by the Landau
kernel is valid, a = 4w Dzk*p2/3mE?,

. 4n?k?et In(4mnrd)

' 3v2m (mh)3/2E3E2°

fHE k) =— (16)

where & is the denominator in (14). fO(E, k) (see (4)) at small k gives

nk  B(E.k) _ nk?
™ 2mmé £ B 2rmE2E’

For fY(E, k) we shall finally have

fO(E7k) =

. Ve, 4 +/2mnet .
fHUE k) = —if°(E, k) Efi’f’ Velt = 3 ~1/2g3/2 In(47nrs). (17)

We note that v g coincides with the result (5) for the case of frequencies smaller

than w,, where our consideration is also valid. The complete Green’ s function
will be
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v 0
FER) = 4= 0 (1=ig) = (B, £) (18)

EE 1+ ivg/EE)

It is known that the poles of the Green’ s function give the frequencies and
damping of the system. Writing F = w + 4y, we find that for plasma waves at
small k

W =wi — /4 = wi{l — &2 ln2(47m7"3)/2887r3}; (19)

Y ==+ Yool =~ — Vegt/2 = =, — V2me wq In(dmnr) /2473, (20)

where 7, is Landau damping. As was to be expected, v,,;; ~ €, i.e. the inequality
Yool K w is satisfied.

The next approximation in k gives a correction to the Vlasov frequency and
damping with dependence on the wave vector, along with Landau damping,

3 2
,  V27mewyIn(4mnry) <1 n 30k ) . (21)

2472 wd
2 2
WP —u? |1 e?1n” (4mnrd) N 30k - e21n” (4mnr) ' (22)
28873 m 14473

These calculations were carried out for a Landau-type kernel. If one takes the
more accurate approximation (3), which correctly conveys the general behavior
and, in particular, preserves the asymptotics of the integrand at small and large
momenta, then v g will be smaller by a factor of v/2, and instead of (21) and
(22) we obtain

o _ VmEw, In(47r3) (1 N 49k2> .

2472 mw?

w"? = w2 ll — e 1n2(47rrf’l)] 30k? l — ‘MW]

57673 m 21673

In conclusion I express my deep gratitude to Academician N. N. Bogolyubov for
his constant attention to the work, and to Prof. Yu. L. Klimontovich and B. I.
Sadovnikov for useful discussion.
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