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(Presented by Academician S. N. Bernstein on 25 VIII 1965)

In the monograph by E. V. Voronovskaya (1), on p. 177, a number of still un-
solved problems were formulated. Among them is the question of investigating
the integral functional
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S for —oo < € < 4o0. (1)

In the present paper a functional of a more general form is investigated:

ag, @&, axé?, ..., a,&" for —oo < & < +oo, (2)

where (a;)j is an absolutely monotone segment ((!), p. 25). The functional (2),
which we shall denote by Fy, may also be called an integral functional, since the
numbers (a;){ are the moments of some nondecreasing function g(t) defined on
the segment [0, 1]. Indeed,

Fe(a') = a;&" = ¢ /01 tidg(t) = /05 xt dg(%) (1=0,1,2,...,n),

where £t = x has been put, and if

is an algebraic polynomial of degree not exceeding n, then

rip) = [ Rwa(). o)
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It is obvious that the functional (1) is a particular case of the functional (2),
when g(t) = t.

Theorem 1. If the segment (a;)5 is amorphous ((), p. 27), then the integral
functional (2) is an absolutely monotone segment for 0 < & < &, where

£ = 1/z,,, ifn=2m-1,
° 7\ 1/y,,, ifn=2m.
Here x,, is the largest root of the orthogonal polynomial X,,(x) corresponding to

the integral weight g(t), and y,, is the largest root of the orthogonal polynomial
Y, .(z), corresponding to the integral weight

/Ot Tdg(T)

((*), p. 39).
Proof. 1) Let n = 2m — 1. We compute determinants of the form

A<ai€a a2k+1€2k+1) = ’ai+j+1€i+j+1|]_€ (k = 0, ]-7 e, — 1),

1,j=0

§i+j+1’{€

2k 2%k+1Y _ i+
Aoy — g€, g€ — Xap1§ ) = ‘ai+j£Z+J — Qg i.§=0

(k=0,1,...,m—1).

Obviously,

A(O‘1£> 0‘2k+1£2k+1) = A<O‘1’ a2k+1)§<k+1)2 (k =0,1,....,m— 1)7

1
A(ao - alfa O‘2k€2k - a2k+1£2k+1) = €(k+1>2Xk+1 (7> (k = 07 17 s, M — 1);

where

k

e (k=012

Xpy1(x) = |ai+jx - ai+j+1|

is a system of orthogonal polynomials on the segment [0, 1], corresponding to
the integral weight g(t) ((?),p.40). Since A(ay, Aypyq) >0 (K =0,1,...,m—1)
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((Y),p.31), and the largest root w,, of the polynomial X, (x) lies on
the segment [0,1] to the right of all roots of the polynomials X, ()
(k = 0,1,....,m — 2) ((?),p.58), it follows that for 0 < & < 1/, all deter-
minants A&, agp 1 €71) > 0 and Alag — 01§, a8 — g1 €51) > 0
(k=0,1,...,m—1), and the segment (2) is an absolutely monotone amorphous
segment ((1),p.31). For £ = 1/z,, = &, only one determinant

Alag — a1y, Qo 288" 2 — gy 1§ 1) =0,
and, consequently, the segment (2) for £ = §; is an absolutely monotone segment

with a nodal structure ((!), pp.22and31). For £ = 0, the segment (2), obviously,
is absolutely monotone with a nodal structure ((1), p.28).

2) Let n = 2m. We compute determinants of the form

k

Alag, g, 67%) = |O‘i+j£i+j|l’j:0 (k=0,1,...,m),

k

Al € — a8, gy 121 — 0y, £7F) = ‘%ﬂ‘-ﬁ”jfl - %’ﬂfiHL i1

(k=1,2,...,m).

Obviously,

A(aO’ a2k£2k) = A(QOa a2k)£k<k+1) (k = 07 17 ceey m)a

A€ — 042527 042k—152k71 - %kf%) = fk<k+1)Yk(1/f)

(k=1,2,...,m),
where

k
Vi) = o ;07— ai+j’i’j:1

is a system of orthogonal polynomials on the segment [0, 1], corresponding to
the integral weight
/ Tdg(7)

((%),p.40). The rest of the proof is carried out analogously to case 1).
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Corollary 1. The extremal polynomial @Q,,(z) ((}),p.24) of the functional Fe,
has the form

- 2@55’+1X72n($/€0) , ifn=2m-—1,
Qn(zx) = A?(ag, ap, 1) (z —1)
- c&gaY 2 (x/&) if n =2m,

A ey, ) (z — 1)

where the multiplier ¢ > 0 is chosen so that

- 1.
%i?lQn(af)l

1) Let n =2m — 1. Since
Aoy — 1€g, g o652 — g 1§51 =0,

then, according to the corollary on p. 31 (1), the functional F, ¢, has an extremal
polynomial @, (x), whose resolvent

where

0<o, <oy < <o, =1,

satisfies the conditions

o
Fe [#*R,,(2)] = / [unclear: integrand](z) dg (g}) =0 (k=0,1,...,m—1).
0

Consequently,

__ & (ﬂC)
B () = A(O‘Oaanfl)xm o

((%), p.41). Next we construct the extremal polynomial Q,, (z) according to (1),
p- 19, case III.

2) Let n = 2m. Since

Al &y — €, gy 1™ — 0y, E5™) = 0,
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the functional Fy has an extremal polynomial @Q,,(z), whose resolvent

m+1

Ry 1(x) = H (. —0;),

=1

where 0 = 0 < 0y < -+ < 0,41 = 1, satisfies the conditions

o x
Fe, [2*R,, .1 (2)] = / z*R,, (z)dg (fo) =0 (k=0,1,....,m—1).
0

Consequently,

g (=
Rm+1($) - A(al(j anil)Ym <£O> 7

and the extremal polynomial Q,,(z) is constructed according to (1), p. 19,
case IV.

Corollary 2. If max ;) |P,(z)| = 1, then for 0 < § < ¢, the inequality

x)dg (E) <oy (4)

holds.

Indeed, for 0 < ¢ < &, the norm N (&) of segment (2) is ay ((1), p. 25), and
therefore

[Fe (P (2))] < N(€) = g,
which coincides with inequality (4) by virtue of (3).
Theorem 2. If the segment (a;); is amorphous, then the functional Fy for

&€ > &, has the greatest possible number s of nodes with positive loads, namely:
s=m,ifn=2m—1,and s=m+ 1, if n = 2m.

This theorem is a special case of Theorem 3 of E. V. Voronovskaya (3).

Corollary 1. The extremal polynomial Q,,(z,§) of the functional F,(§ > &)
has the form

m—1

1—4¢,&1—2) H:L’—a o2, ifn=2m-—1,

Qn(x7£) = .

1—4¢q,&z(l—2x) Hx—a )2, if n=2m,
=2

<.

where the leading coefficient ¢, (§) is determined by the conditions

maXIQ (z,8)] =1

0,1]
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and

Qn (o, &) =—1

for some z, € [0,1], while 0,(§),05(§),...,0,,(§) are the nodes with positive
loads of the polynomial @, (x,&).

Corollary 2. Segment (2), for £ > &, is of class II (1), p. 42, and, consequently,
has a unique extremal polynomial. According to the theorem on continuous
deformation (1), p. 70, the coefficients and nodes of the extremal polynomial
Q,,(x,&) are continuous functions of the parameter &.

0
Corollary 3. All roots of the derivative 6—62”(3375) are real, distinct, and lie
x

inside the interval (0, 1), i.e. the polynomial Q,,(z,£) has an internal deformation
(1), p. 120).

Remark. The norm N () of the integral functional Fy satisfies the inequality

el g T (7)

where R, (z) = Hfzo(m — 7;) is the resolvent of the Chebyshev polynomial
T, (xz) = cosnarccos(2x — 1), and (7;)y are its nodes. This remark is a special
case of Theorem 13 (1, p. 39), when 1, = &% (k =0,1,...,n) and ¢; = 7;,_4
(i=1,2,...,n+1). From this remark there follows the existence of a number
& > &, such that for all £ > &, Q,(z,§) = T, (). The number & may be

defined as the least positive root of the equation

¢ x & ¢ Lz x
[ () =3 a2 ()|

We also note that Q,,(z,€) = (—=1)"T,,(x) for £ < 0, since the segment (2) in
this case is alternating.

)

NEO <Y
k=0

Theorem 3. The norm N(§) of the segment

52 §n+1
57 ?a L) n+ 1

(5)

for £, < € <&, is a function convex downward.

Proof.

13

E+AE E—AE
N(E+AE)—2N(E)+N(E-AE) = = / Qu (2, E+AE) dr—2 / Qu (0. &) drt / Q. (2.6~ Af) da >
0

0 0
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E+AL 13 E-AE E+AEL £
> /0 Q, (. €) dz—2 /0 Q, (.6 dut /0 Qe &) dz = = /5 Q, (. ) du— /g Q (2. 6) dz = [Q,

Ag

0<b, <1, 0<6,<1),

since, according to Corollary 3 of Theorem 2, the polynomial Q,,(x,&) for z > 1
is an increasing function of . Thus, the inequality

N(E+ AL —2N(§) + N(E—A5 >0

has been proved, which is sufficient for downward convexity of the norm N (§).

Corollary. The norm N (€) of the segment (5), for §; < £ < &, can be estimated
by means of a linear function, namely

€& [ [* B
N<s><so+£l_§o{/o T, (2) de 50}-

In conclusion, we give estimates of integrals of algebraic polynomials P, (x)
satisfying the condition maxy, y |P,(z)] = 1:

13
/ T, (x) dz|, for £ <0,
0
5 ¢, for 0 < €& <&,
[ Pt de| < (e [ g
0 §0+£1_§00{/0 Tn<x>dx—so}, for §, < ¢ <&,
3
/ T,,(x) da, for& =6
0
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Note: Figure translations are in progress. See original paper for figures.
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