Soviet-era science, translated into English

On the Trace of a
Differential Operator

R. F. Shevchenko
1965

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196501.36678
Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196501.36678

Abstract

Full Text
R. F. SHEVCHENKO

ON THE TRACE OF A DIFFERENTIAL OP-
ERATOR

(Presented by Academician I. G. Petrovskii, 12 III 1965)
Mathematics

Let two differential operators be given

ar dr
= — 1
T Sy=a @), (1)

51 - dz™

defined on the interval [0, 1] by identical regular boundary conditions (definition
of regularity (%))

U;(y) = Ujp(y)+Uj (y) = ajy(kj)(0)+"'+Bjy(kj>(1>+'“7 J=1..n (2)

where ¢(z) is a sufficiently smooth function and
1
/ q(z)dx = 0. (3)
0

In the present work conditions are obtained for the regularization (existence) of
the trace of the operator S,

Z)‘Q,k = Z()‘Z,k - >‘1,k - )a (4)
k=1 k

-1
where [Ag 1] < [Ago] < ..o and [A; 1] < [A; ;] < ... are the eigenvalues of the
operators Sy and 5.

For n = 2, first in the work of I. M. Gelfand and B. M. Levitan (12), and then
by other authors (*#), the formula

> dak= DOy Ay = - L0
k=1 k=1

was obtained, but in all these works the operators S; and S, were self-adjoint.
The method used in the present work is based on the relation between the
resolvents R, ; and R, , of the operators S; and S,

R,\,2 = R,\,1 - RA,1 ) (qR,\J)a (5)
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which is also valid in the non-self-adjoint case. This method makes it possible
to prove the following result.

Let w, be the roots of the n-th degree of —1; p™ = —\, and A, and A, constants
defined as follows:

1. n=2pu.
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_ } : } : J
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71 == E . . . . .
where A;, A;;, and A;; differ from the determinants standing in the denominator

in that, in the i-th column, w; is replaced by w;. Then the following holds.

Theorem 1. For n > 2 and regular boundary conditions, the trace S, exists
and is equal to
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&)

Z )‘Q,k = Z()‘z,k - )\1,k) = A;q(1) — Ayq(0). (13)
k=1

k=1

Proof. Since the resolvents R, ; and R, , are Hilbert-Schmidt operators with
kernels Ry (z,t; \) and Ry(x,t; A), applying Lidskii’ s theorem (6)**, we obtain

00 1 1
spRy ;= — :/ R, (z,x; A) dx; (14)
A1 ; )\]_7k - )\ b 1

s} 1 1
spRy o = ; Tor— = /o Ry(z,x; A) dx. (15)

L —
Tterating (5) m times and taking sp, we obtain

d m
spRyo—sp Ry, = i [Z SN | + R, (N, (16)

=1

where

1\l 1 1
T = zl) /0 /O g(y) - q(x) Ry (21, 79 A)

o Ry(zy, 213 A) day - dxy. (17)

* Comparing (11), (12), and (13) with the formulas in (5), p. 51, we see that the
non-vanishing of ,,0,, and 65 is equivalent to the regularity of the boundary
conditions.

** For differential operators of a more general type this was done in (7).

Bearing in mind the simple identity

1 1 1
b i) e e 09
2mi Jyop A [T(A; = A)™ 2mi T (A — M)

multiplying (16) by A/2mi and integrating over the contour |A| = r, we obtain

S Q) ==Y 7{ AR = =300 R0 (19)
=1 =r

IN<r 2m

According to (5), p. 71, in the regular case we have
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By (2, ;M) = O(1/[p[*™), |1V =0(1/p""1). (20)

But condition (3) and the smoothness of g(z) make it possible to increase the
order of decrease by 1, i.e.

[7(N)] = O(1/p! "= 1+1) = O(1/p=Din=bim) - (21)

from which it follows that in (19) all terms, beginning with the second, vanish*.
Therefore it is necessary to investigate I; ;(r), i.e. Jy()).

From the formula given in (5), p. 37, by simple algebraic operations we obtain

1 n
S e, o
Alp) 5=
R, (2,85 0) L (22)
- - B.. p w,ep@im_wﬂt), xr <t
npnilA(p) 1';1 ”( ) !
where

A(p) = det [U;(er=*) |7

1,7=1>

and the determinants A;;(p) and B;;(p) differ from A()) in that in place of the
i-th column there stand, respectively, the columns

Upp(e”i®)|iy and Uy (eP57)[1,.

n

Substituting (22) into the expression for I (r), passing to the variable A = —p”,
and integrating by parts once in the inner integral, we obtain

w.
I,(r) 2m?§ - —]w~e( wi)P dp-q(1 ~5— A dp~q(0).

n Z#‘] ? J n Z;f:]

Here §,, is an arc on the circle |p| = r'/" of angular measure 27/n. We choose

d,, so that the following conditions are satisfied:

1. If n = 2y, one can number the w, so that

Re(pw;) <0, i=1,...,H1,

Re(pw,;) >0, i=p+1,..,n, pEL,. (24)
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* By choosing m sufficiently large, one can, according to (20), obtain that

|R,,,(r)] = o(1).

2. For n = 2p + 1, one can divide §,, into two arcs ¢;, and 0, of the same
angular measure 7/n, and number the w, in such a way that

Re(pw;) <0, i=1,..., 1,

e, 25
Re(pw;) >0, i=p+1,...,n, P On (25)

Re(pw;) <0, i=1,...,u+1,

€. 26
Re(pw;) >0, i=p+2,..,n, P& On (26)

Using (22), (24), (25), and (26) for large |p|, we obtain, for example (n = 2u):

pA(p) — 6,(p)

Ai, Ai, P71 )
j(p) . + (67) ’ Re(p’}/1> < O? pE 6n7 i < Ky J > /J/+ 17 (27)

and in the opposite case

Aq;(p) el

J :O< ), Re(py,) <0, p €0,,.

pA(p) p o "

Repeating analogous computations for the remaining terms of (23), substituting
the obtained expressions into (23), and applying Jordan’ s lemma (¥), we obtain
(13).
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Note: Figure translations are in progress. See original paper for figures.
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