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We denote each point x of the n-dimensional Euclidean space R™ in the form
of a pair (xn—svxs>7 where Xn—s(xleQ""vmn—s)a Xs(xn—s+1axn—s+2a"'7:1771,)'
In addition, let R™*® be the (n — s)-dimensional space of vectors x,,_.; R®
be the s-dimensional space of vectors x,; RS be the half-space z, > 0;
x(ry,T9, ..., T,_1) € R Ry be the half-space of points z, > 0;
(xnferl; Lp—s425 - 7xn71) € RSil'

We shall regard each function f(x), defined in R™, as a function of the vec-

tor variables x and x,. Under such consideration, to almost every vector

Xﬁ?ls there corresponds an element of a certain abstract space—the function

n—s

f (xﬁ?,)s, x,) of the variable vector x,.

From the collection of abstract functions defined in this way one constructs the
abstract classes:

l pn l pn T n T n
LQ§<P1aP2)(RO>’ WOé?(PpPz)(RO)’ W(Pl»P2>(R )’ B(Pl»P2>(R )

1 !
—analogues of the known classes L,,.,, W,.,,

T r (1-7
Wy, By (*77).
I. Definition of the classes Llai(p1 p2)(R(’}) (I an integer). We shall say that a
function f(x) belongs to the class Lla;(phm)(Rg) if:

a) f(x) has in R} all generalized derivatives of order ;
b)

1/py

P2/P1
R} .

II. Definition of the classes W' (b1 p2>(R3). We shall say that a function

f(x) belongs to Wolé;(pl’p2>(f{g) if:

s, iy = { | { | =5 3 e g

o lal=t
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a) f(x) e Lla;(p17p2)<R61);
b) f(X) € L(P11P2)(R6L)'

The norm in I/Volé.@1 p2>(R8) is defined by the equality

Hf”vv(ly;(plm}(gm = HfHL(pl,pz)(Rg) + ||f||L5y;(p1)p2}(R6L>.
III. Definition of the classes W, . (R").
1) r an integer. Put r(r,r,...,r). We shall say that a function

F) €Wy, L (RY)

P1,P2)
if:
a) f(x) € Ly, p,)(R");
b) () € L (R
The norm in W, 1’pz)(R") is defined by the equality

||f||W&;1 @ =z, . rm + ||f||Lg;(p1 (Rn)-

,P2) ,P2)

2) r nonintegral. Let r =7 4 «, where 0 < a < 1; 1 < p; < 00. Put

We shall say that a function f(x) € W >(R”),

P1,P2
if
a) f(x) € W(ZDPQ)(R"), where 7(7, T, ..., T);
b)
o ’A Dﬁf P P2/P1 1/p2
7 PR S U 1A = PP P
W(P1=P2)(Rn) j=n—s+1 Rns Rs 0 hi+p
where
AjwhDBf(ac17 s Tp Ry Ty,) — DB f(xy,... s Ty e s Tp); 18] = 7.

We define the norm in W(’;) ) p2>(R") by the equality

(p1,p2) (p1,p

1w, o = 1w, + DD f e
‘B‘:F (p1,p2)
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IV. Definition of the classes Bf, (R").

1) 7 an integer. We shall say that f(z) € B, (R") if:

a) f(z) € W(thZ)(R"), where ¥(r — 1,7 —1,...,r —1);
b)
n 0o ’AQ DBf P1 P2/P1
[ / / / Z0nl I gy ) ams|  ames
B(pl’pZ)(R”) j=n—s+1 Rn—s Rs 0 ht+p:

where || = r — 1;

2 DBf= Dvi(yc17 s ®i—h 2, )—2DP f(zy, ... 2

J,h J

A

We define the norm in BJ )(R”) by the equality

(P1,P2
_ . I
oy, =W, ot 2 0%,
|Bl=r—1 (p1,p2)
2) r noninteger. Put
(7T Ty, 1y ey 1)
n—s S

In this case we shall assume that f(z) € B{, ,,(R") if f(z) €

. . (P1,P2
W(plmz)(R )-
Theorem 1. If o — kp; +1 > 0, then
1 7 -k 7
Wa;(m,m)(Rg) - Wa*kpl;(pl-,m)(Rg)'
Theorem 2. If « — p;l+ 1 < 0, then
l Dn ot n—1
WO‘§<I’17P2)(RO) - B(P17P2)(R )’
where
1 1 1 1
5 [z- ot ] {z— ot },z- afl goeftly
Py P Py D1
n—s s—1

[] is the integer part of the number .
Theorem 3. Let 1 <m <n—1, 1<p<p; <py <00,
n—1 m n-m-—1

T:l— + + 3
p P P2
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then
Wl 1 wr -1
(Rn ) (P1,P2) (R" )’

where r(7,...,7,7,...,7), | is nonintegral (Wff; — Wf;“ denotes the embedding
n—s s—1

of Wfll in Wfﬁ (see the survey article of S. M. Nikol' skii (¥)).

Theorems 1 and 2, as is not difficult to see, can be obtained from the corre-
sponding theorems of S. V. Uspenskii (4).

We shall outline the proof of Theorem 3. Consider the function

u(t, x,,) dt
F=k n .
o [Q [(t—2)2 + 22"

From the preceding theorems it follows that, in order to prove Theorem 3, it is
sufficient to establish the validity of the inequality

”FHL Ry) < C”f”W}l)(Rn—l). (1)

p1(v—")=15(py Pz)(

Using the estimate

v (t,x,)|x, YT )| dt
FeaiseS [ pEstmmare 55 [ Gt = (Z%* 2 L

la|<v—1 la|<a la|l<a—1

and Minkowski’ s inequality, we obtain

pny < 5 )
HFHLm(u r)=1i(py, PQ)(R ) ¢ (Z HIl’O‘”L (v—r)—15( (R T Z

v <w la|l<v—1

Let us estimate one of the terms, for example

v p1
B _ pq(v—r)—1 |U (t7 $n>| L dt pm+1
Hll,a”L;l( r)-1i(p1, P2)<R )T T ¢ {/anl l/}{é’”l o (»[%nl [(t - .Z‘)2 + x%]n/Q dRO

Applying Holder” s inequality and simplifying, we shall have

v _ P1 v|p _
[t ([ s g ) ey [ ([ R Y amg,
s R [t —2)? + 22]"/2 e " g [(E—2)2 + 23]/
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where k =p, (I —7) +p(v—1) — (n—1)(p;/p —1).

Taking (3) into account and making the necessary transformations, we obtain

_ _(1— o VP dt _
I =l oy <L 1-p/py / / fz (1=py /p2)(n—m~—1) / ‘U | dRerl
H 1’a”Lm('ff'rilfl;(p],p2)<R0) - c”f”WI” Rn—m—1 Rm+1 v Rn—1 [(t - $)2 + x%}"/z 0

The estimates hold:

v=l)—1, 4 "
éon a7 ot (8 2) [P dRg < el f g nay

/ [ (1P /pa)(n=m=) / ) gy
Rn-m-1 | JRom+1 Rrr-1 [(t— )2 + 22)

therefore

dRTml << ﬁ (=P /pa)(n=m=1
RO™

(i
1,

v = S CHf”W;l,(Rnfly (4)

p1(v—7)-1i(py ypg)(RO) -

Similarly one can show that

(16
2,

p w Selflwynen 6

p1(v—7)-1;(p1,p2)

From (2), (4), and (5) we obtain (1).

Hence it is not difficult to obtain the required result. Theorem 3 establishes
the validity of the hypothesis of S. L. Sobolev and S. M. Nikol’ skii for the
generalized fractional spaces WIZ) of S. L. Sobolev. Works (?, !, 12) are also
devoted to this hypothesis.
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