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THE METHOD OF THE GENERALIZED
SELF-CONSISTENT FIELD AND COLLEC-
TIVE EXCITATIONS IN THE THEORY OF
SUPERCONDUCTIVITY

(Presented by Academician N. N. Bogolyubov, January 12, 1963)

The first versions of the microscopic theory of superconductivity took into ac-
count the simplest s-interaction in the form of a rectangular well near the Fermi
surface. Within the framework of this approximation, a spectrum of elementary
excitations separated by a gap from the ground state was obtained. As was first
shown by N. N. Bogolyubov, in this case, alongside elementary excitations, there
also exist collective excitations in superconducting systems, which in the case of
a neutral system have the character of longitudinal quasiacoustic waves, turning,
when the Coulomb interaction is included, into ordinary plasma excitations (1:2).
Subsequently, collective excitations were investigated for a two-particle interac-
tion expanded in spherical harmonics (*#). In this case the above-mentioned
results were confirmed for the s-interaction. For higher harmonics, under the
condition that the corresponding interaction constant is negative, collective ex-
citations possessing a momentum equal to the momentum of the interaction
producing them were found.

In the present paper collective excitations are considered on the basis of the
equations obtained by N. N. Bogolyubov in the approximation of the generalized
self-consistent field (). Let us consider these equations:

EY,(p) = [Q(p—q)+9(p)}19q(p)++% > 9,0 [T,(0, 0" )ag(p)ay (P )+Gy(p, 0 )by ()b, (0)]); (1)
E0,(p) = [Q(p—Q)+Q(p)}9q(p)++% > 0,07 [ T30, 0 )dy(p)dy () +1, (0. P ey (P)ey ()], (2)
where
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ag(p) = Uptty,_q — VU, by(p) = upvy g + Uy gy,
Cq(P) = Uyl = Up_g¥p, dq(P) = upyy_g + VyVp_g,
Jo(p,p") = J(p,—p+a—p" +4q,p),
I(p,p")=Jp.p" =, p—a) + J(p.p" —asp — ,p")
—J(p,—p"s—p" +a.p—q),
Gylp,p") =J(p. 0" —a:p".p—q) = J(p,0" — @GP — ¢, p")

+J(p,—p"s—p" +¢,p —q),

O {CeIRE HI

¢ is the particle energy measured from the Fermi surface, Q = /€2 + ¢2, and
c is the gap in the spectrum of elementary excitations. Let us note that the
kernels J and I are regular, while the singularities in equations (1) and (2) that
appear in the presence of the Coulomb interaction are associated with the kernel
G. Indeed, in the radially symmetric case G, (p,p’) — 2J(q) — J(p —p’), and,
since J(p —p’) is regular, the singularity in the kernel G ¢ @8 ¢ — 0 is associated
with the Coulomb interaction J(q) = 4me?/q>.

Let us consider equations (1) and (2) for an interaction of the form

o l
ZJl(pvp/> Z Ylm(ﬁv(»o)*ylm(aﬂq)% (3)
=0

m=—I

where ¢, and 6, ® are the angles of the vectors p’, p, respectively, in the
coordinate system in which the vector ¢ is directed along the z-axis. We shall
assume J;(p,p’) = J,

constant and different from zero for —w « £ < w. An interaction of the form
(3) makes it possible to algebraize the integral equations (1) and (2). Separating
out the Coulomb interaction in (1), let us introduce new variables
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XLM(Q) = % Zﬁq(P/) JLYLM<79a90)*dq(p/)7

Zrmlq) = %Zﬂq@/) JLYLM(ﬁvQO)*Cqu/)v

p/

W) = %Z%(P/) JrYr (0, 90)*%(27’)

p

Unar(@) = 35 32 0,0') T Y (0,0)°0,(0).

p/

In the variables X, Z, W, U, instead of equations (1) and (2) we obtain the
following four algebraic equations

00 l

X ']LZ Z /le ) P21 =210 (D) Preajt Wi (0) Prag——Uin (@) Pgpal Vi (0, @)Y, (0, @) dw+2J )

=0 m=—

00 l

Zin@ =13 Y / X (@) Pt~ Zum (@) P+ Wi (0) Prsae—Unn (6) Prge] Yo (0, B) Yy (0, )t 2.7,
=0 m=—1

=) l

Win(q) = Jg, Z Z /[le(Q)PEad*sz(‘I)PEacJFWlm@)P[a?]**Ulm(Q)P[ab]]Ylm(oa )Yy p (0, @) dw+2J i
1=0 m=-1

00 l

Upm(a) = Jp Z Z /[le(Q)PEbd*Zlm(Q)PEbc++WZm(Q)]D[ab]*UZm(Q)P[M]]Ylm(Ha Q)Y (0, @) dwt+2J
=0 m=—1

where

-5 | T o TawE P

05 30,00 0,00) = 70 S0,

and the [ ] in the subscript of P denotes Q(p — q) + Q(p).
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From equations (4)—(7) it is easy to see that the Coulomb interaction disappears
for M + 0, since the quantities P ... can depend only on the angle . For the
same reason the quantities X, Z, W, U enter equations (4)—(7) with the same
M. In the case L # 0 we have, generally speaking, a system of coupled algebraic

equations for X, Z, W U with different L. Especially simple is the case ¢ = 0.

Then the quantities P contain no angular dependence, and equations (4)—(7)
connect the quantities X, Z, W, U with the same L. Since ¢, = 0, it follows that
Zy, = 0, and equation (5) identically becomes zero. Thus, one can obtain the
following system of three equations:

Xin = I Poo X oy —J 1L PpeyoUinit I PrejoWoni+2J L Pp, o K (0)0 160 ppo;

Upm = JLPI%C/QXLM*JLPSCZ/QULMJFJLPQO&/QWLMJFQJLPSCz/QK(O)5L05M0;

Win = J1Prejo X pv—J 1 PorejoUini+I L Poes o Wine+2J 1 Py .y K (0)0 110 pp0,

where the zero index on the quantity P indicates that they are taken for ¢ = 0.
Since Py, = Pgejq = 0, equation (10) separates from (8) and (9). The case
L = 0 can be considered on the basis of equations (1) and (2), as in ?). In the
case L # 0, the terms containing the Coulomb interaction drop out of equations

(8)—(10). Thus, the energy of the collective excitations for the case L # 0, ¢ = 0,
is determined from the conditions

(1= JpPyo) (1 + J,Pyajq) + (J P jg)? = 05 (11)

L= Jp Py =0, (12)

In the case v = F/2( « 1, conditions (11) and (12) take the form

1 arcsin v 1 1  wvarcsinv (arcsinv)?
+ —— +

9. V112 9 1—v?

— = 0; 13
9. Yo V1—12 (13)

1 1
V1—v? arcsiny = — — —. (14)
90 9L

R =

Equation (13) leads to the existence of collective excitations also for g; < 0,
i.e., to the existence, along with collective excitations of the particle—particle
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type, of excitations of the particle—hole type. Equation (14) has no real roots
for gy > gp.-

In the cases of small ¢, the quantities P ... can be expanded in powers of |¢; in
doing so, terms independent of # and depending on cos § and cos? 6 are separated.
Expressing cos 6§ and cos? § in terms of spherical functions and denoting by the

indices 0,1,2 the corresponding dependence of the quantity P ... on |q|, from
equations (4)—(7) we obtain

1
Xpwr = JL{ < rjaz T 3P1"\d2> Xpm — (Pgbd + gP}%bd) Urm

1 2
+2V4rK(q) {( Ebd T 3P]%3bd> 00000 + g\/gplgjbd(;L25M0:|

142
20 +1
+ Z Z 3\/:(12m0|jm)(1200|j0) ( IdQle — P}%delm> 8;10mnr

Im j=|1-2|
I+1
+y > 2Hl(ll 01jm)(1100150) (P,W, Zin) Si1bmrs i (1)
l -1 2j+1 J J Ead""lm — F\cd Im ) O5L0mM (5
m j=

1 4
Ziy = JL{ 3P1“|C2ZLM + gPI%aCWLM T2y ?P]_%?ch(Q)éLl(SMO

2 (241 )
+ Z Z 3\ 211 (12m0]jm)(1200]50) (PEachm - C2Zlm) 0;10m

Im j=|1-2|
I+1

2z+1
+lz ;l (1m0 jm) (1100]50) (P, oqXim — PhyeUsn ) 5jL5mM}; (16)
m j=|l—1

Wiy = JL{ (Plg\a2 +3 3 F\a?) Wi — 3P]%_7acZLM

+ 2\/ 3 Pll\ab (@)0219n10

142

2 +1
+lz ;‘ Z 571 (12m0lm)(1200150) (P2 o2Win — PRacZim) ;00 mar
m j=|[l-2
- 2 + 1
+ ZZ IZ ‘ (11m0]jm)(1100|50) (PéaXmm PF\abUlL> 5jm5mM}; (17)
m j=|l—1

sovietrxiv.org/items/ru-196301.46292 Machine Translation


https://sovietrxiv.org/items/ru-196301.46292

1 1
Upnm = JL{ (Pg‘bd + gP}%bd) Xpm — <P19|b2 + gPFQ\Iﬂ) Urm

1 2
+ VAT () [(pgllﬁ + gpg‘bz,) 5100010 + wgplgbdéL25M0:| +

222 (2141 1 Y (12000170) (P2 X — P2 T 6. 6 -1 A+ 1 " o
*Z Z 3 723’—&—1( mO|jm) (1200150) (Ppq X — (b2 1m)051 mM++Z Z m( m0|jm)(I100]

Im j=[l-2| Im j=|l-1|

Let us consider the case in which, in the expansion of the potential (3), only
the s- and p-spherical harmonics are nonzero. Then from equations (15)—(18) it
follows that the X, ., U; 14 and Z; 4, W, . excitations split pairwise. Their
energies are determined, respectively, from the conditions

1 1 1 ?

L 0 1 L e 2
(1+ gP[]Cng) KPW + gPW) 7, 4} = (PR (20)

Since the calculation is carried out to accuracy up to |g|?, the right-hand side of
(20) may be neglected. In this case equation (20) splits into two conditions, one
of which coincides with the equation obtained in (3) for unphysical excitations.
It is not difficult to see that the result of (3) for real excitations can be obtained
as one of the conditions following from (19) if its right-hand side is incorrectly
neglected in the calculation presented.

In the case L =1, M = 0, the modes of type 1,0; 0,0 turn out to be coupled.
In this case the X, Uyq, Zyy, Wy excitations split off from the X, Uyg, Z19,
W, modes; moreover, for the first excitations the Coulomb interaction drops
out. We give the condition determining the energies of the excitations X;, U;g,

Zoo, Woo:
g(Po,+2p2 Y1 — (o 3Pz ) _Lp L p
1 (a2 T 5 e Ebd T 5 ibd | 1 /370 e /370" Bad
g (P, +2pz) g (P, iRz, ) 41 _Lpy L,
1\ Eba T 5 b L F e T e /3" Beeo /370 Tlab
1 1 13 31 =0 (21
%leéad 7%J1P[1]cd 7§J0pgac 1+ §J013[2]c2
1 J, P} 1 J, PL 1—J, (PO 1P2 1JP2
/37 e 37 e —Jo (a2 T 317102 370 Bac
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The result of (3) for 1, 0-excitations corresponds to

3
1= (P[(])d2 + 5Pﬁdz) .

The equations for Xy, Uy, Z;9, Wio may be used to determine the excitations
with L = 0, using the definition of K(g) through Up,.

In conclusion I express my deep gratitude to Acad. N. N. Bogolyubov for his
constant attention to the work.
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