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Abstract
Full Text

MATHEMATICS
L. P. USOLTSEV

AN ANALOGUE OF THE FORTET-KAC THE-
OREM

(Presented by Academician I. M. Vinogradov, 1 XII 1960)
The following analogue of the Fortet-Kac theorem (1) holds:

Theorem. Let f(t) be a real-valued, bounded, periodic function with period 1,
piecewise continuous, satisfying a Lipschitz condition in each interval of conti-
nuity. Suppose that

/Olf(t)dt_().

Let ¢ > 2 be a fixed natural number; let p be a natural number such that
(g,p) = 1; let h = h(p) be a natural number such that h <« logp/2logg and
h — oo as p — oo. Let N,()\) denote the number of integers a, 0 < a <p—1,
for which

}if(a;k) < M\Wh.

k=0

Then:

a) there exists the limit

a=0 k=0
b) if ¢ # 0,
A
lim Ny () - / e #/20% 0z,
p—oo P V2aro J o
c) ifo=0,
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lim —Z
p—=oo P 1 ifXA>0.

N(/\)_{O if A <0,

The proof is carried out by the same method as in the work of A. G. Postnikov
(?); we apply the method of moments as was indicated in the work of M. P.

Mineev (3).

Introduce the following notation:

! 12t a
2 __ 2 2 _ — 2 (2
112 = / P =03 (p) ,
! 1 p! a ag’C
_ k _ _ _J
_ / £ f(gt) dt, pp(k)—paof(p>f( : )

The following assertions are easily established:
122 ag’ ag® .
DS () 1 () = py k-l
pe=" \p p

as p — 00,

12 ()7(5) - [orwro ().

a

These assertions make it possible to prove that the limit exists

S (e (4 )) -

and from the proof it is clear that the quantity o coincides with the quantity
introduced by Kac,
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Next, the following lemma will play the main role for us:

Lemma. The second assertion of the theorem is valid for real-valued trigono-
metric polynomials.

Proof. Let

S
I(t) = g ‘a,, 2Tt a,, =a_,.,

m=—s
be one of such polynomials. Consider the expression
1 p—1 /h—1 ag® !
L= (S0()
p a=0 =0 p

where [ is a fixed natural number. We have

l
s

1 p—1 /h—1 "
Il — EZ (Z Z am627mmp> —

a=0 =0 m=—s
S h—1 1 p—1 .
- /aml Ay, - exp |:27Ti (mlgzl + o+ mg) 7} -
my==9 ;=0 p a=0 p
s h—1
N Z /aml Ty Z L =10 mygTt 4 +mfgl = (mod p).
m;=—s =0

Let us now count the number of solutions of the congruence

myg*t 4 +my) =0 (mod p)

in the numbers 0 < x;,...,2; < h — 1. Consider the congruence
where mq, ..., my, Ny, ..., N, and g > 2 are fixed natural numbers;
logp
0< 2y, , Ty Yps s Y < h— 14 h <

~ 2logg’

Take p so large that the strict inequality
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mal - 4 Iy + [ |+ 4 g | < VP

is satisfied. Then

< <|m1| +ee ‘mk;| + ‘nll + -+ |nk|)gh < \/i)glOgP/QlOgg =D,

therefore, for our p the number of solutions of the congruence () in integers 0 <
Tqyee s Tps Y15 ---» Y < B — 1 is equal to the number of solutions of the equation
myg-t + - +mi’g“ =n;g"1 +~~+niz in integers 0 <z, ..., T, Y1, - Y < h—1.
The number of solutions of the latter equation was computed in the work of M.
P. Mineev (3).

Following M. P. Mineev, we shall say that the compositions of the systems
my, ..., My, and nq,...,n; coincide if one system is obtained from the other by
some permutation of its elements. We shall call the system m, ..., m, reduced
with respect to g for the system m,...,m, if m, = m,/g", (im;,g) = 1, i =
1,..., k. Then, suitably modifying the result of M. P. Mineev, we obtain the
following assertion.

Let mq, ..., My, 0y, ..., N, be the system reduced with respect to g for the system
My ey My, Mg,y ., Ny let b < logp/2logg, and let p be sufficiently large, for
example such that

[mal 4 Iyl + [ | 4+ g | < V-

Then:

a) if the compositions of the systems my, ..., m; and n,...,n,; are distinct,
then the number A, (h) of solutions of the congruence (*) in the numbers
0 < Tyyeee s Tpy Yy o, Y < b — 1 is estimated as O(h*1);

b) if the compositions of the systems mq, ..., m; and nq, ... , N, coincide, then
Ay (h) = iyl i h* + O(h*1), where iy, ..., i, are determined by the de-
composition
) = mht) = =) = ) ==l = e, @l £l

if o £ B, iy + iy + iy = k.

Further, carrying out the calculations in the same way as was done in the work
(3), we obtain

_Jo(nt=v/2y, if  is odd,
b Cll/zhl/Q(l/Q)! ol /212 + O(hl/%l) , if [ is even.
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Hence

l
i 15221 “ﬂ(agz) 0, if 1 is odd,
im — E— =
poop i \ V= \ p C/2(1)2)1 a1 )22 = ol /21/2(1/2)!, if 1 is even.

Consider

It is easy to verify that

], if [ is odd,
27 ) l/2Y2(1/2)), if 1 is even.

Thus,
=W = Ry S
lim ~ 19(—) = —/ tle=t dt.
proo p L= (\/ZhU;) p ) VT
Denote
=
k(a) = 19( ), a=0,1,...,p—1.
(@) V2ho ; p b
Arrange
k(a), a=0,1,...,p—1, in nondecreasing order k(a,) = -+ = k(a; ) < k(a; 4;) =
o= k(a;,) < < k(aip,ﬁl) == kz(aip), where 4, = p, and the system of
numbers ay, ..., a, is obtained by some permutation of the system of numbers

0,1,...,p — 1. We construct the following function, which will evidently be a
distribution function:

0, t <klay) =-=k(a),
i1/p, k(ay) = =k(a; ) <t <kla; 1) = =k(a;,),
(I)p(t) —
ipa /Py Koy 1) ==k )<t<kla )=-=FkKa,),
1, t> k‘(aip) = k(a,).

Let us compute the [-th moment of this function:
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/0O 1, (t) = %(kl(éh) +ee Kl (a;,) + o+ %(kl(aiﬂﬂ) +o+kl(a;)) =

5 (i)

Thus

)

oo

1 2
. l 1l —
lim tdd,(t) = —ﬁ[ te=t qt.

— 00
p —00

By the second limit theorem of A. A. Markov (*),

T
3 - —Uu
phﬁrgo D, (t) = N /OO e " du.
It is clear that <I>p(t) is numerically equal to the number of expressions
h—1

1 ag®
(5)
\/ﬁalzzo p

less than or equal to t, divided by p, i.e.

D, (t) = N,(V20t)/p.

Putting u = z/v/20, we obtain

lim =

p—00 p V2ro

putting A = v/20t, we finally obtain

N, (A 1 A
lim p( ) = / e=?"/20% 5.
p=oo P Vamo J_o

The lemma is proved.

\/iat
Np(\/io-t) 1 / 6722/20'2 dZ,

The second assertion of the theorem follows from the lemma exactly as in Kac’
s theorem (!). The last assertion of the theorem is proved in the same way as
in Kac. The theorem is proved.

sovietrxiv.org/items/ru-196101.75020 Machine Translation


https://sovietrxiv.org/items/ru-196101.75020

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
30 XI 1960

REFERENCES
1. M. Kac, Ann. of Math., 2-d ser., 47, No. 1, 33 (1946).

2. A. G. Postnikov, DAN, 133, 1298 (1960).
3. M. P. Mineev, Izv. AN SSSR, ser. matem., 22, 585 (1958).

4. A. A. Markov, Calculus of Probabilities, 4th ed., Moscow, 1924.
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196101.75020 Machine Translation


https://sovietrxiv.org/items/ru-196101.75020

	Abstract
	Full Text
	MATHEMATICS
	L. P. USOLTSEV

	AN ANALOGUE OF THE FORTET–KAC THEOREM
	REFERENCES


