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Abstract
Full Text
MATHEMATICS

Corresponding Member of the Academy of Sciences of the USSR Yu. V. LINNIK

NEW LIMIT THEOREMS FOR SUMS OF IN-
DEPENDENT RANDOM VARIABLES

1. Let 𝑋1, 𝑋2, … , 𝑋𝑛 be independent identically distributed random vari-
ables, with

𝐸(𝑋𝑖) = 0; 𝐷(𝑋𝑖) = 𝜎2 > 0 (𝑖 = 1, 2, …);

𝑍𝑛 = 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛
𝜎√𝑛 .

The well-known limit theorems of probability theory show that, for any fixed 𝑥,

P(𝑍𝑛 > 𝑥) − 1√
2𝜋 ∫

∞

𝑥
𝑒−𝑡2/2 𝑑𝑡 → 0 as 𝑛 → ∞;

this convergence to the limit is uniform on any finite interval of values of 𝑥. How-
ever, in many problems arising in such various fields as mathematical statistics
(1), information theory (2), statistical physics of polymers (3), rubber chemistry
(4), and analytic arithmetic (5), information is required about the behavior of
P(𝑍𝑛 > 𝑥𝑛), when 𝑥𝑛 → ∞ together with 𝑛, with one or another dependence
on 𝑛 (theorems on large deviations of 𝑍𝑛). In this case the limiting relation
indicated above gives only the fact that P(𝑍𝑛 > 𝑥𝑛) → 0 as 𝑛 → ∞.

2. In the present note limit theorems on large deviations will be presented.
Most of them will concern zones of normal convergence (integral and local);
one of them concerns integral convergence“on the whole axis”(for arbitrary
values of 𝑥𝑛).

Let 𝜓(𝑛) → ∞ be any monotone function. The sequence of intervals [0, 𝜓(𝑛)]
will be called a zone of normal convergence (z. n. c.) if, as 𝑛 → ∞,

P(𝑍𝑛 > 𝑥)
1√
2𝜋 ∫

∞

𝑥
𝑒−𝑢2/2 𝑑𝑢

→ 1 (1)

sovietrxiv.org/items/ru-196001.67588 Machine Translation

https://sovietrxiv.org/items/ru-196001.67588


for all 𝑥 ∈ [0, 𝜓(𝑛)]. The z. n. c. [−𝜓(𝑛), 0] is defined analogously. The definition
does not require uniformity of convergence in (1), although in all the theorems
obtained this will be so. We first consider zones with 𝜓(𝑛) = 𝑛𝛼 (𝛼 > 0 a
constant).

Theorem 1. In order that, for any 𝛼 < 1
2 , the zones [0, 𝑛𝛼] and [−𝑛𝛼, 0] be

z. n. c., it is necessary and sufficient that all moments of the variables 𝑋𝑖 be
normal. (Of course, the sufficiency here is trivial.)

Now we may consider only values 𝛼 < 1/2.

Theorem 2. Let 𝜌(𝑛) → ∞ be an arbitrarily slowly increasing monotone
function, and let 0 < 𝛼 < 1/2. If 𝛼 < 1/6, then the necessary condition for the
zones [0, 𝑛𝛼𝜌(𝑛)] and [−𝑛𝛼𝜌(𝑛), 0] to both be zones of normal convergence, is

𝐸 exp |𝑋𝑗|
4𝛼

2𝛼+1 < ∞. (2)

This condition is also sufficient in order that the zones [0, 𝑛𝛼/𝜌(𝑛)],
[−𝑛𝛼/𝜌(𝑛), 0] be zones of normal convergence, and the convergence is
then uniform.

If 1/6 ⩽ 𝛼 < 1/2, consider the sequence of “critical numbers”

1
6 , 1

4 , 3
10 , … , 1

2
𝑠 + 1
𝑠 + 3, … → 1

2. (3)

Let

1
2

𝑠 + 1
𝑠 + 3 ⩽ 𝛼 < 1

2
𝑠 + 2
𝑠 + 4.

If the zones [0, 𝑛𝛼𝜌(𝑛)], [−𝑛𝛼𝜌(𝑛), 0] are zones of normal convergence, condition
(2) must hold and, moreover, all moments of 𝑋𝑗 up to and including the (𝑠 + 3)-
rd must coincide with the moments of the normal law. These two conditions
are also sufficient in order that the zones [0, 𝑛𝛼/𝜌(𝑛)], [−𝑛𝛼/𝜌(𝑛), 0] be zones of
normal convergence.

Obviously, Theorem 1 follows from Theorem 2.

We now consider“narrow zones”𝜓(𝑛) = 𝑜(𝑛1/6). Among the theorems pertaining
to this case we shall give only one, the most characteristic.

Let ℎ(𝑥) be a monotone function subject to the following conditions:

(ln 𝛼)2+𝜁0 ⩽ ℎ(𝑥) ⩽ 𝑥1/2 (𝑥 ⩾ 1); 𝜁0 > 0; (4)

ℎ(𝑥) = exp(𝐻(ln 𝑥)),
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where 𝐻(𝑧) is monotone, differentiable, and

𝐻′(𝑧) ⩽ 1; 𝐻′(𝑧) exp 𝐻(𝑧) → ∞ as 𝑧 → ∞. (5)

Define a new function Λ(𝑛) by the equation

ℎ(√𝑛 Λ(𝑛)) = (Λ(𝑛))2. (6)

Theorem 3. The condition

𝐸 exp ℎ(|𝑋𝑗|) < ∞ (7)

is necessary in order that the zones [0, Λ(𝑛)𝜌(𝑛)] and [−Λ(𝑛)𝜌(𝑛), 0] be zones
of normal convergence, and sufficient in order that the zones [0, Λ(𝑛)/𝜌(𝑛)],
[−Λ(𝑛)/𝜌(𝑛), 0] be zones of normal convergence; in this case the convergence is
uniform.

3. We now consider local limit theorems for the class (𝑑) of all random vari-
ables having a continuous bounded density 𝑔(𝑥). Then 𝑍𝑛 will have proba-
bility density 𝑝𝑧𝑛

(𝑥). The zone [0, 𝜓(𝑛)] will be called a zone of uniform
local normal convergence (z. u. l. n. c.) if

𝑝𝑧𝑛
(𝑥)

1√
2𝜋 𝑒−𝑥2/2 → 1 (8)

as 𝑛 → ∞, uniformly for 𝑥 ∈ [0, 𝜓(𝑛)]. The z. u. l. n. c. [−𝜓(𝑛), 0] is defined
analogously.

Theorem 4. For variables 𝑋𝑗 belonging to class (𝑑), the z. u. l. n. c. behave,
with respect to necessary and sufficient

conditions indicated in Theorems 1–4, as well as necessary and sufficient condi-
tions for the general form of random variables in Theorems 1–4.

4. Let us pass to theorems that hold “on the whole axis.”We shall consider
only one particular case of such theorems. Let us single out the class of
all even continuous probability densities 𝑔(𝑥) such that, for 𝑥 ⩾ 1,

P(𝑋1 > 𝑥) = ∫
∞

𝑥
𝑔(𝑢) 𝑑𝑢 = 𝐴𝑎

𝑥𝑎 + 𝐴𝑎+1
𝑥𝑎+1 + ⋯ + 𝐴4𝑎+5

𝑥4𝑎+5 + 𝑂 ( 1
𝑥4𝑎+5+𝜀 ) , (9)

where 𝜀 > 0; 𝑎 ⩾ 3; 𝑎 is an integer; 𝐴𝑗 are constants. Let 𝑋1, 𝑋2, … , 𝑋𝑛, … be
random variables with probability density 𝑔(𝑥) from this class. Then 𝐸𝑋𝑗 = 0;
let
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𝐷(𝑋𝑗) = 𝜎2 > 0; 𝑍𝑛 = 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛
𝜎√𝑛 .

Theorem 5. For 𝑥 ⩾ 1, as 𝑛 → ∞, we have, uniformly in 𝑥,

P(𝑍𝑛 > 𝑥)
1√
2𝜋 ∫

∞

𝑥
𝑒−𝑢2/2 𝑑𝑢 + 𝑟(𝑥, √𝑛)

→ 1, (10)

where 𝑟(𝑥, √𝑛) is a rational function of both arguments, determined by the
coefficients 𝐴𝑎, … , 𝐴4𝑎+5 in (9). Moreover, for 𝑥 ⩾ 𝑛3/2+1/𝑎 ln 𝑛 we have

𝑟(𝑥, √𝑛) ∼ 𝑛P(𝑋1 > 𝜎𝑥√𝑛) = 𝑛 ∫
∞

𝜎𝑥√𝑛
𝑔(𝑢) 𝑑𝑢. (11)

Of course, since 𝑔(𝑥) is even, an analogous relation holds for 𝑥 ⩽ −1; for −1 <
𝑥 < 1 the well-known theorem on normal convergence holds.

An example for Theorem 5 is provided by the density 𝑔(𝑥) = 2
𝜋

1
(𝑥2 + 1)2 ; for

𝑥 ⩾ 1, 𝑛 → ∞, we have

P(𝑍𝑛 > 𝑥)
1√
2𝜋 ∫

∞

𝑥
𝑒−𝑢2/2 𝑑𝑢 + 2

3𝜋
1√𝑛

1
𝑥3

→ 1. (12)
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Note: Figure translations are in progress. See original paper for figures.
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