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Abstract
Full Text

L. N. SLOBODETSKII
ESTIMATES OF SOLUTIONS OF ELLIPTIC AND
PARABOLIC SYSTEMS
(Presented by Academician V. I. Smirnov, 18 I 1958)

MATHEMATICS

1. In the article (1) the spaces 𝑊 (𝑙1,…,𝑙𝑟)
𝑥(1),…,𝑥(𝑟),𝑝(𝑄) were introduced for 𝑝 = 2

and arbitrary nonnegative 𝑙1, … , 𝑙𝑟. Keeping the notation adopted there,
we introduce the indicated spaces for arbitrary 𝑝 (1 < 𝑝 < +∞).

Let first 𝑙𝑘 be a nonnegative integer. We shall say that
𝑓 = 𝑓(𝑥) ∈ 𝑊 (𝑙𝑘)

𝑥(𝑘),𝑝(𝑄) if 𝑓 has generalized derivatives with respect to 𝑥(𝑘),
summable over 𝑄 to the power 𝑝, up to order 𝑙𝑘. In this case we set:

‖𝑓‖𝑊 (𝑙𝑘)
𝑥(𝑘),𝑝(𝑄) = [∑

𝑞≤𝑙𝑘

∫
𝑄

|𝐷𝑞
𝑥(𝑘)𝑓|𝑝 𝑑𝑥]

1/𝑝

.

Let now 𝑙𝑘 = 𝑙′𝑘 + 𝜆𝑘. We shall say that 𝑓 ∈ 𝑊 (𝑙𝑘)
𝑥(𝑘),𝑝(𝑄) if

𝑓 ∈ 𝑊 (𝑙′
𝑘)

𝑥(𝑘),𝑝(𝑄) and if for all 𝑞 ≤ 𝑙′𝑘

𝐿𝑘,𝑝(𝐷𝑞
𝑥(𝑘)𝑓) = ∫

𝑄×Ω(𝑘)
∣Δ(𝑥(𝑘), 𝑦(𝑘))𝐷𝑞

𝑥(𝑘)𝑓∣𝑝 𝑑𝑥 𝑑𝑦(𝑘)

|𝑥(𝑘) − 𝑦(𝑘)|𝑛𝑘+𝑝𝜆𝑘
< +∞.

In this case

‖𝑓‖𝑊 (𝑙𝑘)
𝑥(𝑘),𝑝(𝑄) =

⎧{
⎨{⎩

‖𝑓‖𝑝
𝑊 (𝑙′

𝑘)
𝑥(𝑘),𝑝(𝑄)

+ ∑
𝑞≤𝑙′

𝑘

𝐿𝑘,𝑝(𝐷𝑞
𝑥(𝑘)𝑓)

⎫}
⎬}⎭

1/𝑝

.

We shall further say that
𝑓 ∈ 𝑊 (𝑙1,…,𝑙𝑟)

𝑥(1),…,𝑥(𝑟),𝑝(𝑄) if
𝑓 ∈ 𝑊 (𝑙𝑘)

𝑥(𝑘),𝑝(𝑄) for all 𝑘 = 1, 2, … , 𝑟. In this case

‖𝑓‖𝑊 (𝑙1,…,𝑙𝑟)
𝑥(1),…,𝑥(𝑟),𝑝(𝑄) = {

𝑟
∑
𝑘=1

‖𝑓‖𝑝
𝑊 (𝑙𝑘)

𝑥(𝑘),𝑝(𝑄)
}

1/𝑝

.

sovietrxiv.org/items/ru-195801.47338 Machine Translation

https://sovietrxiv.org/items/ru-195801.47338


For 𝑟 = 1 and 𝑄 = Ω ⊂ 𝐸𝑛, the space 𝑊 (𝑙)
𝑥,𝑝(Ω) will be denoted simply by

𝑊 (𝑙)
𝑝 (Ω). Likewise, when

𝑙1 = 𝑙2 = ⋯ = 𝑙𝑟 = 𝑙, we shall denote
𝑊 (𝑙,…,𝑙)

𝑥(1),…,𝑥(𝑟),𝑝(𝑄) by 𝑊 (𝑙)
𝑝 (𝑄).

Theorem 1. Let the domain 𝑄 be bounded by sufficiently smooth surfaces and
let
𝑓 ∈ 𝑊 (𝑙1,…,𝑙𝑟)

𝑥(1),…,𝑥(𝑟),𝑝(𝑄). Then for any integral and nonnegative
𝑚1, … , 𝑚𝑟, satisfying the inequality

𝜇 = 1 −
𝑟

∑
𝑘=1

𝑚𝑘
𝑙𝑘

≥ 0,

there exist generalized derivatives 𝐷𝑚1
𝑥(1) ⋯ 𝐷𝑚𝑟

𝑥(𝑟)𝑓 , belonging to 𝑊 ( ̄𝑙1,…, ̄𝑙𝑟)
𝑥(1),…,𝑥(𝑟),𝑝(𝑄)

with ̄𝑙𝑘 = 𝑙𝑘𝜇 (𝑘 = 1, 2, … , 𝑟). Moreover

∥𝐷𝑚1
𝑥(1) ⋯ 𝐷𝑚𝑟

𝑥(𝑟)𝑓∥
𝑊 ( ̄𝑙1,…, ̄𝑙𝑟)

𝑥(1),…,𝑥(𝑟),𝑝(𝑄)
≤ 𝐶‖𝑓‖𝑊 (𝑙1,…,𝑙𝑟)

𝑥(1),…,𝑥(𝑟),𝑝(𝑄) (1)

with 𝐶 depending only on 𝑄.

It follows from this theorem that, for integer 𝑙, the space 𝑊 (𝑙)
𝑝 (𝑄) coincides with

the corresponding space of S. L. Sobolev.

It would be interesting to obtain, for arbitrary 𝑝, embedding theorems anal-
ogous to those given in (1) for 𝑝 = 2. Unfortunately, this has not yet been
accomplished.

2. Let Ω be a finite or infinite domain of 𝑛-dimensional space 𝐸𝑛, whose bound-
ary is a sufficiently smooth (𝑛 − 1)-dimensional finite or infinite surface without
edge 𝑆. Consider in Ω the linear differential operator

𝐿 (𝑥, 𝜕
𝜕𝑥) 𝑢 =

2𝑘
∑
𝑟=1

𝑛
∑

𝑖1,…,𝑖𝑟=1
𝐴(𝑖1,…,𝑖𝑟)(𝑥) 𝜕𝑟𝑢

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖𝑟

+ 𝐴(𝑥)𝑢,

where 𝐴(𝑖1,…,𝑖𝑟)(𝑥) and 𝐴(𝑥) are square matrices of order 𝑁 , and 𝑢 = 𝑢(𝑥) is
a vector function with 𝑁 components. Denote by 𝐿0(𝑥, 𝜕/𝜕𝑥) the principal
part of 𝐿(𝑥, 𝜕/𝜕𝑥), and by 𝐿0(𝑥, 𝑖𝛼) the matrix obtained from 𝐿0(𝑥, 𝜕/𝜕𝑥) by
replacing the symbols 𝜕/𝜕𝑥𝑠 by the expressions 𝑖𝛼𝑠 (𝑠 = 1, 2, … , 𝑛). Following
I. G. Petrovskii (2), we shall say that 𝐿(𝑥, 𝜕/𝜕𝑥) is elliptic in Ω if, for every
𝑥 ∈ Ω and any real 𝛼1, … , 𝛼𝑛, the determinant |𝐿0(𝑥, 𝑖𝛼)| of the matrix 𝐿0(𝑥, 𝑖𝛼)
satisfies the inequality:

∣|𝐿0(𝑥, 𝑖𝛼)|∣ ≥ 𝛿|𝛼|2𝑘 (𝛿 > 0, |𝛼| = √𝛼2
1 + ⋯ + 𝛼2𝑛).
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Suppose that 𝑆 can be covered by a finite number of overlapping surfaces 𝜎𝑠
(𝑠 = 1, 2, … , 𝑞) such that each 𝜎𝑠 can be specified by a sufficiently regular
parametric equation 𝑥 = 𝑥(𝛾′) (𝛾′ = (𝛾1, … , 𝛾𝑛−1)). Denote by 𝜈 = 𝜈(𝛾′) the
unit normal vector to 𝑆 at the point 𝑥′ = 𝑥(𝛾′), and assume that

𝑥 = 𝑥(𝛾′) + 𝜈(𝛾′)𝛾𝑛 (2)

establishes a one-to-one and sufficiently regular correspondence between some
domain of the space of points 𝛾 = (𝛾1, … , 𝛾𝑛) and some 𝑛-dimensional neighbor-
hood of the surface 𝜎𝑠. Specify on 𝑆 𝑘 linear differential operators 𝑅𝜇(𝑥′, 𝜕/𝜕𝑥)
of orders 𝑚𝜇 (𝜇 = 1, 2, … , 𝑘). Using (2), transform 𝐿(𝑥, 𝜕/𝜕𝑥) and 𝑅𝜇(𝑥′, 𝜕/𝜕𝑥)
to the new variables 𝛾1, … , 𝛾𝑛. Denote the results of this transformation by
𝐿(𝛾, 𝜕/𝜕𝛾) and 𝑅𝜇(𝛾, 𝜕/𝜕𝛾), and their principal parts by 𝐿0(𝛾, 𝜕/𝜕𝛾) and
𝑅(0)

𝜇 (𝛾′, 𝜕/𝜕𝛾) (𝜇 = 1, 2, … , 𝑘).
Denote by 𝐷(𝛾′; 𝛽′) (𝛽′ = (𝛽1, … , 𝛽𝑛−1)) the matrix of order 𝑘𝑁 :

𝐷(𝛾′; 𝛽′) = ∥∫
𝐶(𝛽′)

𝑅(0)
𝜇 (𝛾′, 𝑖𝛽)𝐿−1

0 (𝛾′, 𝑖𝛽)𝛽𝜆−1
𝑛 𝑑𝛽𝑛∥

𝜆,𝜇=1,2,…,𝑘
(𝛽 = (𝛽1, … , 𝛽𝑛)),

where 𝐶(𝛽′) is a positively oriented contour, situated in the upper half-plane
of the complex 𝛽𝑛-plane and enclosing all roots lying there of the equation
|𝐿0(𝛾′, 𝑖𝛽)| = 0 for fixed 𝛾′ and 𝛽′.

We shall say that 𝐿 and 𝑅𝜇 satisfy on 𝑆 condition (L) (of B. Ya. Lopatinskii
(3)) if, for every 𝑥′ ∈ 𝑆 and any real 𝛽1, … , 𝛽𝑛−1, for which

|𝛽′| = √𝛽2
1 + ⋯ + 𝛽2

𝑛−1 = 1,

the inequality
‖𝐷(𝛾′, 𝛽′)‖ ≥ 𝛿′ (𝛿′ > 0)

holds.

Theorem 2. Suppose: 1) 𝐿 is elliptic in Ω, and 𝐿 and 𝑅𝜇 (𝜇 = 1, 2, … , 𝑘)
satisfy condition (L) on 𝑆; 2) 𝑙 ≥ 2𝑘, 𝑚𝜇 < 𝑙 − 1

2 (𝜇 = 1, 2, … , 𝑘). Then, for
every vector-function 𝑢 ∈ 𝑊 (𝑙)

2 (Ω), the inequality

𝐶1 [‖𝐿𝑢‖𝑊 (𝑙−2𝑘)
2 (Ω) +

𝑘
∑
𝜇=1

‖𝑅𝜇𝑢‖
𝑊 (𝑙−𝑚𝜇− 1

2 )
2 (𝑆)

] ≤ ‖𝑢‖𝑊 (𝑙)
2 (Ω) ≤≤ 𝐶2 [‖𝐿𝑢‖𝑊 (𝑙−2𝑘)

2 (Ω) +
𝑘

∑
𝜇=1

‖𝑅𝜇𝑢‖
𝑊 (𝑙−𝑚𝜇− 1

2 )
2 (𝑆)

+ ‖𝑢‖𝐿2(Ω)] , (3)

where 𝐶1 and 𝐶2 are positive constants depending only on Ω and on the differ-
ential operators 𝐿 and 𝑅𝜇.
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Theorem 3. Suppose that condition 1) of Theorem 2 is satisfied and 𝑙 ≥ 2𝑘.
Then, for every 𝑢 ∈ 𝑊 (𝑙)

𝑝 (Ω) satisfying the boundary conditions

𝑅𝜇𝑢∣𝑆 = 0 (𝜇 = 1, 2, … , 𝑘),

the inequality

𝐶1‖𝐿𝑢‖𝑊 (𝑙−2𝑘)
𝑝 (Ω) ≤ ‖𝑢‖𝑊 (𝑙)

𝑝 (Ω) ≤ 𝐶2 [‖𝐿𝑢‖𝑊 (𝑙−2𝑘)
𝑝 (Ω) + ‖𝑢‖𝐿𝑝(Ω)] . (4)

Theorems 2 and 3 generalize the corresponding results of O. V. Guseva (4), F.
Browder (5), A. I. Koshelev (6), and L. Nirenberg (7,8).
3. Let us now consider, in the cylinder 𝑄 = Ω×[0, 𝑇 ] (𝑥 ∈ Ω; 0 ≤ 𝑡 ≤ 𝑇 ≤ +∞),
the parabolic differential operator

𝐿 (𝑡, 𝑥, 𝜕
𝜕𝑡 , 𝜕

𝜕𝑥) 𝑢 = = 𝜕𝑢
𝜕𝑡 −

2𝑘
∑
𝑟=1

𝑛
∑

𝑖1,…,𝑖𝑟=1
𝐴(𝑖1,…,𝑖𝑟)(𝑡, 𝑥) 𝜕𝑟𝑢

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖𝑟

− 𝐴(𝑡, 𝑥)𝑢.

The operator

𝐿0 (𝑡, 𝑥, 𝜕
𝜕𝑡 , 𝜕

𝜕𝑥) = 𝜕
𝜕𝑡 −

𝑛
∑

𝑖1,…,𝑖2𝑘=1
𝐴(𝑖1,…,𝑖2𝑘)(𝑡, 𝑥) 𝜕2𝑘

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖2𝑘

will be called the principal part of the operator 𝐿.

On Γ = 𝑆 × [0, 𝑇 ] let 𝑘 linear differential operators be given:

𝑅𝜇(𝑡, 𝑥′, 𝜕/𝜕𝑡, 𝜕/𝜕𝑥) (𝜇 = 1, 2, … , 𝑘).

We shall call the principal part of 𝑅𝜇 the collection of all its terms of the form
𝐵(𝑡, 𝑥′)𝐷𝑠1𝑥 𝐷𝑠2

𝑡 , for which the quantity 𝑠1 + 2𝑘𝑠2 is greatest. In this case

𝑚𝜇 = max{𝑠1 + 2𝑘𝑠2}

will be called the order of 𝑅𝜇.

Proceeding as before, we transform 𝐿 and 𝑅𝜇 to the variables 𝑡, 𝛾1, … , 𝛾𝑛. De-
note the results of the transformation by

𝐿(𝑡, 𝛾, 𝜕/𝜕𝑡, 𝜕/𝜕𝛾)

and
𝑅𝜇(𝑡, 𝛾′, 𝜕/𝜕𝑡, 𝜕/𝜕𝛾).

Introduce the matrix

𝐷(𝑡, 𝛾′, 𝛽0, 𝛽′) = = ∥∫
𝐶(𝛽0,𝛽′)

𝑅(0)
𝜇 (𝑡, 𝛾′, 𝑖𝛽0, 𝑖𝛽)𝐿−1

0 (𝑡, 𝛾′, 𝑖𝛽0, 𝑖𝛽)𝛽𝜆−1
𝑛 𝑑𝛽𝑛∥

𝜇,𝜆=1,2,…,𝑘
,
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where 𝐶(𝛽0, 𝛽′) is a positively oriented contour lying in the upper half-plane 𝛽𝑛
and enclosing all the roots situated there of the equation

|𝐿0(𝑡, 𝛾′, 𝑖𝛽0, 𝑖𝛽)| = 0

for fixed 𝑡, 𝛾′, 𝛽0, and 𝛽′.

We shall say that 𝐿 and 𝑅𝜇 (𝜇 = 1, 2, … , 𝑘) are connected on Γ by condition (ℒ),
if for every point (𝑡, 𝑥′) ∈ Γ and any real 𝛽0, 𝛽1, … , 𝛽𝑛−1 for which 𝛽2

0 +|𝛽′|2 = 1,
the inequality

‖𝐷(𝑡, 𝛾′, 𝛽0, 𝛽′)‖ ≥ 𝛿′ (𝛿′ > 0)
holds.

Theorem 4. Let: 1) 𝑙1 = 2𝑘𝑙2, 𝑙2 ≥ 1, 𝐿 be a parabolic differential operator,
and let 𝐿 and 𝑅𝜇 (𝜇 = 1, 2, … , 𝑘) be connected on Γ by condition (ℒ); 2)
𝑚𝜇 < 𝑙1 − 1

2 (𝜇 = 1, 2, … , 𝑘). Then for any vector-function 𝑢 ∈ 𝑊 (𝑙1,𝑙2)
𝑥,𝑡,2 (𝑄) the

inequality

𝐶1 [‖𝐿𝑢‖𝑊 (𝑙1−2𝑘, 𝑙2−1)
𝑥,𝑡,2 (𝑄) + ‖𝑢‖𝑊 (𝑙)

2 (Ω) +
𝑘

∑
𝜇=1

‖𝑅𝜇𝑢‖
𝑊 (𝑙(1)

𝜇 , 𝑙(2)
𝜇 )

𝑥,𝑡,2 (Γ)
] ≤≤ ‖𝑢‖𝑊 (𝑙1,𝑙2)

𝑥,𝑡,2 (𝑄) ≤ 𝐶2 [‖𝐿𝑢‖𝑊 (𝑙1−2𝑘, 𝑙2−1)
𝑥,𝑡,2 (𝑄) + +‖𝑢‖𝑊 (𝑙)

2 (Ω) +
𝑘

∑
𝜇=1

‖𝑅𝜇𝑢‖
𝑊 (𝑙(1)

𝜇 , 𝑙(2)
𝜇 )

𝑥,𝑡,2 (Γ)
+ ‖𝑢‖𝐿2(𝑄)] , (5)

where

𝑙 = 𝑙1 (1 − 1
2𝑙2

) = 𝑙1 − 𝑘 = (2𝑙2 − 1)𝑘, 𝑙(1)
𝜇 = 𝑙1 − 𝑚𝜇 − 1

2,

𝑙(2)
𝜇 = 𝑙2 (1 − 𝑚𝜇

𝑙1
− 1

2𝑙1
) (𝜇 = 1, 2, … , 𝑘),

and 𝐶1 and 𝐶2 are positive constants depending only on 𝑄, 𝐿, and 𝑅𝜇 (𝜇 =
1, 2, … , 𝑘).
Theorem 5. Suppose that condition 1) of Theorem 4 is satisfied. Then for any
𝑢 ∈ 𝑊 (𝑙1,𝑙2)

𝑥,𝑡,𝑝 (𝑄) satisfying the conditions 𝑢|𝑡=0 = 𝑅𝜇𝑢|Γ = 0 (𝜇 = 1, 2, … , 𝑘), the
inequality

𝐶1‖𝐿𝑢‖𝑊 (𝑙1−2𝑘, 𝑙2−1)
𝑥,𝑡,𝑝 (𝑄) ≤ ‖𝑢‖𝑊 (𝑙1,𝑙2)

𝑥,𝑡,𝑝 (𝑄) ≤≤ 𝐶2 [‖𝐿𝑢‖𝑊 (𝑙1−2𝑘, 𝑙2−1)
𝑥,𝑡,𝑝 (𝑄) + ‖𝑢‖𝐿𝑝(𝑄)] . (6)

Theorems 4 and 5 admit generalization to arbitrary parabolic systems of I. G.
Petrovskii (9) with derivatives with respect to 𝑡 of arbitrary orders. These
theorems generalize results of O. A. Ladyzhenskaya (10).
Leningrad State Pedagogical Institute
named after A. I. Herzen
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