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MATHEMATICS

1. In the article (1) the spaces W;ill)l;)<r) p(Q) were introduced for p = 2

and arbitrary nonnegative [, ...,[,.. Keeping the notation adopted there,

i

we introduce the indicated spaces for arbitrary p (1 < p < 400).

Let first [, be a nonnegative integer. We shall say that
f=flz) e W;l@))p(Q) if f has generalized derivatives with respect to z(¥,
summable over () to the power p, up to order /. In this case we set:

1/p
My (o) = [Z / |D§(k>f|pdx] .
z(k),p qilk Q

Let now [, = l;c + A,. We shall say that f € Wg(cl(’;c))p(Q) if
v ) .
Few (@) and if for all ¢ <1}

‘p dx dy'®)

2 — g, T

Ly p (D3 f) :/ A,y "Dy f
QxQk)

In this case

1/p
— p q
Hf”W‘i)l(llcc))p(Q) - {”f”w(zi) + Z Lk,p<DI(k)f>} .

x(k),p< qgl;

We shall further say that
(Iy sl .
F WL i (@) i
fe V[/:il(’;c)> p(Q) for all k =1,2,...,r. In this case

1/p
T
— § p
Wiyt e = {kl Wiy (Q)} |

z(k),p
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For r =1 and Q = Q C E,, the space W;@(Q) will be denoted simply by
W,(,”(Q). Likewise7 when
Lh=lh=-=I.=I We shall denote
1.1
Wi Q(r (Q) by W' (Q).

Theorem 1. Let the domain Q be bounded by sufficiently smooth surfaces and
let

few, ll’ o ac)(r) p(Q). Then for any integral and nonnegative

my, ..., M, satisfying the inequality
p=1— Z Tln’“ >0,
k=1 'k
there exist generalized derivatives DZH) f , belonging to W ll’ ot )( )p(Q)

with I, =, (k= 1,2,...,7). Moreover

IP%, - D3y f” <Ol @ M

(%)

with C' depending only on Q.

It follows from this theorem that, for integer I, the space WISD(Q) coincides with
the corresponding space of S. L. Sobolev.

It would be interesting to obtain, for arbitrary p, embedding theorems anal-
ogous to those given in (1) for p = 2. Unfortunately, this has not yet been
accomplished.

2. Let £ be a finite or infinite domain of n-dimensional space E,,, whose bound-
ary is a sufficiently smooth (n —1)-dimensional finite or infinite surface without
edge S. Consider in () the linear differential operator

. . 0"u
- E E 77777 ZT) e
( 8x>u A x)am 0w, +A@)u,

r=14y,..,0,=1 11 Ly
where Alt1»%)(z) and A(zx) are square matrices of order N, and u = u(x) is
a vector function with N components. Denote by Ly(x,0/0x) the principal
part of L(z,0/0x), and by Ly(x,ia) the matrix obtained from Ly(z,0/dz) by
replacing the symbols 0/0x by the expressions i (s = 1,2,...,n). Following
I. G. Petrovskii (2), we shall say that L(z,d/0z) is elliptic in Q if, for every
x € Qand any real ay, ..., «,,, the determinant | L (z, ir)| of the matrix Ly(z, ic)
satisfies the inequality:

ILo(a,ia)]| = 8la* (6>0, o] = /a3 +-+a2).
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Suppose that S can be covered by a finite number of overlapping surfaces o,
(s = 1,2,...,q) such that each o, can be specified by a sufficiently regular
parametric equation x = z(v") (v = (71, s¥n_1))- Denote by v = v(v) the
unit normal vector to S at the point ’ = z(v’), and assume that

r=z(y)+v(y ), (2)

establishes a one-to-one and sufficiently regular correspondence between some
domain of the space of points v = (74, ...,,,) and some n-dimensional neighbor-
hood of the surface o,. Specify on S k linear differential operators R, (2", 9/0x)
of orders m,, (n = 1,2,..., k). Using (2), transform L(x,d/0x) and R, (2’,0/0z)
to the new variables 7y, ...,7,. Denote the results of this transformation by
L(v,0/0v) and R, (v,0/0v), and their principal parts by Lg(vy,d/07y) and

RY(y,0/07) (n=1,2,.... k).
Denote by D(v"; 8") (8" = (B4, ..., B—1)) the matrix of order kN:

D(7/7B/) = (5: (Bla"'aﬁn))a

/ RO (v, if) Lo (+,iB)BA dB,
C(p)

A p=1,2,....k

where C(f’) is a positively oriented contour, situated in the upper half-plane
of the complex [,-plane and enclosing all roots lying there of the equation
|Lo(v',i0)| = 0 for fixed v and f’.

We shall say that L and R, satisfy on S condition (L) (of B. Ya. Lopatinskii
(3)) if, for every 2’ € S and any real 3, ..., 3, _;, for which

Bl =B+ 4B =1,

IDG, 89 =6 (6">0)

the inequality

holds.

Theorem 2. Suppose: 1) L is elliptic in 2, and L and R, (p = 1,2,..., k)
satisfy condition (L) on S5 2) [ > 2k, m, < [ — % (b =1,2,...,k). Then, for
every vector-function u € Wé”(Q), the inequality

k k
Cu [ IEtlyamy + 20 VRl om | < Wiy < O | Votthygoonigy + 3 VRl g+ Dl
H= n=

where C; and C, are positive constants depending only on © and on the differ-
ential operators L and R,,.
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Theorem 3. Suppose that condition 1) of Theorem 2 is satisfied and [ > 2k.
Then, for every u € WZSU(Q) satisfying the boundary conditions

R#u|s =0 (w=1,2,....k),

the inequality

Cy|Lulyyir-a0 gy < [l ) < Co [Iulyso gy + Nl ] - (@)

Theorems 2 and 3 generalize the corresponding results of O. V. Guseva (%), F.
Browder (°), A. I. Koshelev (%), and L. Nirenberg (7%).

3. Let us now consider, in the cylinder @ = Qx[0,T] (x € Q; 0 <t < T < +00),
the parabolic differential operator

o 0 O"u
= i1yeey)
L (t vt 8:6) E g Al (t w)a . — A(t, z)u.

r=114y,..,4,.=1 L

The operator

o 0 0 o2k
— —_ (7'17 i )
Lo (t’x’ ot a:::) ot Z At B, m)a o,

pyenlgp=1 b2

will be called the principal part of the operator L.
On T = S x [0,T] let k linear differential operators be given:

R, (t,2’,0/0t,0/0x) (n=1,2,...,k).

We shall call the principal part of R, the collection of all its terms of the form
B(t,2’)D3 D;?, for which the quantity s; + 2ks, is greatest. In this case

m,, = max{s; + 2ksy}

will be called the order of Ru'

Proceeding as before, we transform L and R, to the variables ¢,7y,...,7,. De-
note the results of the transformation by

L(t,,0/0t,0/0v)

and
R, (t,7,0/0t,0/0).

Introduce the matrix
D(t7’7/7 507 B/> = =

i

/ RELO)@a 7/;i503iﬂ)Lal(tvvlaiﬂoviﬂ>6271 dﬂn
(Bo:8B")

A A=1,2,... .k
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where C(8,, ) is a positively oriented contour lying in the upper half-plane 3,
and enclosing all the roots situated there of the equation

|L0(t”y/’iﬁ0aiﬂ)‘ =0
for fixed t,~', By, and /.

We shall say that L and R, (1 = 1,2,..., k) are connected on I' by condition (£),
if for every point (¢,2’) € ' and any real S, By, ..., 3,,_; for which 82 +|8'|* = 1,
the inequality

ID(t,7"s Bo, )] = 6" (6" > 0)
holds.

Theorem 4. Let: 1)1, = 2kly, I, > 1, L be a parabolic differential operator,
and let L and R, (p = 1,2,...,k) be connected on I' by condition (£); 2)
m, <ly— % (w=1,2,...,k). Then for any vector-function u € Wil%f)(Q) the
inequality

k
C, ["Lu||wél,§722k’l21)(Q) + ”uHWé”(Q) + ; ||R#UHWSS;UZ’IE‘2))(F)1 << ”uHWLL,lt:lzz)(Q) <
where
1 ) 1
l=1 (1— 21) =l —k=Q,—-Dk 1P=1 m, =3,

and Cy and Cy are positive constants depending only on Q, L, and R, (p =
1,2,...k).

Theorem 5. Suppose that condition 1) of Theorem 4 is satisfied. Then for any

u € W;l},’?)(Q) satisfying the conditions ul,_og = R, ulp =0 (p=1,2,..., k), the
inequality

Culatly i, 20125y < Il gy < O [IEutlyn .10y + @]

Theorems 4 and 5 admit generalization to arbitrary parabolic systems of I. G.
Petrovskii (?) with derivatives with respect to ¢ of arbitrary orders. These
theorems generalize results of O. A. Ladyzhenskaya (1°).
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