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Abstract
Full Text
MATHEMATICS
O. I. Samuil

ON THE STRUCTURE OF SOLUTIONS OF
AUTOMORPHIC SYSTEMS OF LINEAR DIF-
FERENTIAL EQUATIONS
(Presented by Academician I. G. Petrovskii, 3 January 1958)

We shall call a system of differential equations

𝑑𝑥𝑘
𝑑𝑧 =

𝑛
∑
𝑙=1

𝑃𝑘𝑙(𝑧)𝑥𝑙, 𝑘 = 1, 2, … , 𝑛, (1)

with meromorphic coefficients 𝑃𝑘𝑙 automorphic if it does not change under the
fractional-linear transformation

𝑧′ = 𝑇 (𝑧) = 𝑒𝑧 + 𝑓
𝑔𝑧 + ℎ, 𝑒ℎ − 𝑓𝑔 = 1. (2)

A particular case of automorphic systems is furnished by systems with periodic
and doubly periodic coefficients. The construction of automorphic systems with
many substitutions was carried out in the work (1). Here we shall clarify the
structure of the solutions of system (1), invariant with respect to the substitution
(2).

The structure of an automorphic system and of its solutions depends essentially
on the fixed points of the linear transformation (2), i.e., on the roots of the
equation

𝑔𝑧2 + (ℎ − 𝑒)𝑧 − 𝑓 = 0. (3)

It is necessary to distinguish three cases: 1) both fixed points lie at a finite
distance; 2) one fixed point is at the infinitely distant point; 3) both fixed
points are infinitely distant. In the first case the transformation (2) is a proper
fractional-linear transformation (𝑔 ≠ 0); in the second case it will be of the
form 𝑠𝑧 + Λ, with 𝑠 ≠ 1; and in the third case 𝑇 = 𝑧 + Ω. The third case is
well studied: here there are theorems of Floquet (for equations with periodic
coefficients) and of Picard (for equations with doubly periodic coefficients). The
first two cases have not been considered in the literature, but precisely these
cases are of the greatest interest for automorphic systems.
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§ 1. Let us first clarify the general structure of the solutions of equations (1) in
connection with their invariance with respect to the substitution (2). Let the
functions

𝑥𝑗
𝑘(𝑧), 𝑗, 𝑘 = 1, 2, … , 𝑛, (4)

be fundamental solutions of system (1), satisfying the initial conditions 𝑥𝑗
𝑘(0) =

𝛿𝑗𝑘, where 𝛿𝑗𝑘 is the Kronecker symbol. The functions 𝑥𝑗
𝑘(𝑇 (𝑧)) will also be

solutions. Consequently,

𝑥𝑗
𝑘(𝑇 (𝑧)) =

𝑛
∑
𝑙=1

𝑎𝑗
𝑙 𝑥𝑙

𝑘(𝑧). (5)

where 𝑎𝑗
𝑘 = 𝑥𝑗

𝑘(𝑇 (0)). For brevity, let us pass to matrix notation: introduce the
matrices

𝑋 = ‖𝑥𝑗
𝑘‖𝑛

1 , 𝐴 = ‖𝑎𝑗
𝑘‖𝑛

1

and write the last equality in the form 𝑋(𝑇 ) = 𝐴𝑋(𝑧). Put

𝑌 (𝑧) = 𝐵𝑋(𝑧), (6)

and choose the matrix 𝐵 so that the matrix 𝐵𝐴𝐵−1 assumes Jordan canonical
form. If the roots of the characteristic equation |𝐴 − 𝜌𝐼| = 0 are simple, then

𝐵𝐴𝐵−1 =
∥
∥
∥
∥

𝜌1 0 ⋯ 0
0 𝜌2 ⋯ 0
⋅ ⋅ ⋯ ⋅
0 0 ⋯ 𝜌𝑛

∥
∥
∥
∥

, (7)

and the relations (5) take the form

𝑦𝑗
𝑘(𝑇 (𝑧)) = 𝜌𝑗𝑦𝑗

𝑘(𝑧). (8)

In the case of multiple roots, after separating the elementary divisors we shall
have

𝐵𝐴𝐵−1 = [𝐽𝑞1
(𝜉1), … , 𝐽𝑞𝑚

(𝜉𝑚)], (9)

sovietrxiv.org/items/ru-195801.33026 Machine Translation

https://sovietrxiv.org/items/ru-195801.33026


𝐽𝑞(𝜉) =
∥
∥
∥
∥
∥

𝜉 0 0 ⋯ 0 0
1 𝜉 0 ⋯ 0 0
0 1 𝜉 ⋯ 0 0
⋅ ⋅ ⋅ ⋯ ⋅ ⋅
0 0 0 ⋯ 1 𝜉

∥
∥
∥
∥
∥

.

The relations (5) will be written in the form

𝑦1
𝑘(𝑇 ) = 𝜉1𝑦1

𝑘(𝑧),
𝑦2

𝑘(𝑇 ) = 𝜉1𝑦2
𝑘(𝑧) + 𝑦1

𝑘(𝑧),
⋯

𝑦𝑞1
𝑘 (𝑇 ) = 𝜉1𝑦𝑞1

𝑘 (𝑧) + 𝑦𝑞1−1
𝑘 (𝑧),

⋯
𝑦 𝑛−𝑞𝑚−1+1

𝑘 (𝑇 ) = 𝜉𝑚𝑦 𝑛−𝑞𝑚−1+1
𝑘 (𝑧),

𝑦 𝑛−𝑞𝑚−1+2
𝑘 (𝑇 ) = 𝜉𝑚𝑦 𝑛−𝑞𝑚−1+2

𝑘 (𝑧) + 𝑦 𝑛−𝑞𝑚−1+1
𝑘 (𝑧),

⋯
𝑦𝑛

𝑘 (𝑇 ) = 𝜉𝑚𝑦𝑛
𝑘 (𝑧) + 𝑦𝑛−1

𝑘 .

(10)

§ 2. Let the function 𝜎(𝑧) possess the following property:

𝜎(𝑇 (𝑧)) = 𝜎(𝑧) + 1 (11)

(later we shall construct this function explicitly). In the case of simple roots of
the characteristic equation, consider the functions

𝑢𝑗
𝑘(𝑧) = 𝑦𝑗

𝑘(𝑧)
𝜌𝜎(𝑧)

𝑘
. (12)

By virtue of (8) and (12) we have: 𝑢𝑗
𝑘(𝑇 ) = 𝑢𝑗

𝑘(𝑧), i.e., the function 𝑢𝑗
𝑘(𝑧)

possesses the property of automorphy with respect to the substitution (2), and,
if it is meromorphic, then this relation is an automorphic function. Returning

to the original unknowns, we obtain the solutions of system (1) in the form

𝑥𝑘(𝑧) =
𝑛

∑
𝑗=1

𝜌𝜎(𝑧)
𝑗 𝛼𝑘𝑗(𝑧), (13)

where 𝛼𝑘𝑗(𝑧) are invariant with respect to the substitution (2).

In the case of multiple elementary divisors, construct the functions
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𝜎0 = 1, 𝜎1 = 𝜎(𝑧), 𝜎2 = 𝜎(𝜎 − 1)
2! , 𝜎3 = 𝜎(𝜎 − 1)(𝜎 − 2)

3! , … , (14)

which have the following properties:

𝜎𝑖+1(𝑇 (𝑧)) = 𝜎𝑖+1(𝑧) + 𝜎𝑖(𝑧). (15)

Next construct the functions

𝛽1 = 𝜉𝜎1(𝑧)
1 𝛼1(𝑧),

𝛽2 = 𝜉𝜎1(𝑧)
1 [𝛼2(𝑧) + 𝜎1(𝑧)

𝜉1
𝛼1(𝑧)] ,

𝛽3 = 𝜉𝜎1(𝑧)
1 [𝛼3(𝑧) + 𝜎1(𝑧)

𝜉1
𝛼2(𝑧) + 𝜎2(𝑧)

𝜉2
1

𝛼1(𝑧)] ,

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯

𝛽𝑞1
= 𝜉𝜎1(𝑧)

1 [𝛼𝑞1
(𝑧) + 𝜎1(𝑧)

𝜉1
𝛼𝑞1−1(𝑧) + ⋯ +

𝜎𝑞1−1(𝑧)
𝜉𝑞1−1

1
𝛼1(𝑧)]

(16)

(𝛼𝑖(𝑧) are invariant with respect to the substitution under consideration) and
analogous functions for the remaining elementary divisors. From the structure
of the functions 𝛽𝑖 it is clear that

𝛽1(𝑇 (𝑧)) = 𝜉1𝛽1(𝑧),
𝛽2(𝑇 (𝑧)) = 𝜉1𝛽2(𝑧) + 𝛽1(𝑧),

⋯ ⋯ ⋯ ⋯ ⋯
𝛽𝑞1

(𝑇 (𝑧)) = 𝜉1𝛽𝑞1
(𝑧) + 𝛽𝑞1−1(𝑧).

(17)

Comparing the last equalities with (10), we see that

𝑦1
𝑘(𝑧) = 𝜉𝜎1

1 𝛼𝑘1,

𝑦2
𝑘(𝑧) = 𝜉𝜎1

1 [𝛼𝑘2 + 𝜎1
𝜉1

𝛼𝑘1] ,

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯

𝑦𝑞1
𝑘 (𝑧) = 𝜉𝜎1

1 [𝛼𝑘𝑞1
+ 𝜎1

𝜉1
𝛼𝑘𝑞1−1 + ⋯ +

𝜎𝑞1−1

𝜉𝑞1−1
1

𝛼𝑘1] ,

(18)

where 𝛼𝑘𝑗 are invariant with respect to the substitution (2).
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§ 3. It remains to show that the automorphic systems under consideration exist,
and to construct for them the function 𝜎.

Let 𝑇 = 𝑠𝑧 + Λ. The function 𝜇(𝑧) = 𝑧 − Λ
1 − 𝑠 has the property: 𝜇(𝑇 ) =

𝑠𝜇(𝑧). If 𝑈𝑘𝑙 are automorphic functions with respect to the substitution under
consideration, then the system of differential equations

𝜇(𝑧)𝑑𝑥𝑘
𝑑𝑧 =

𝑛
∑
𝑙=1

𝑈𝑘𝑙(𝑧)𝑥𝑙 (19)

( Λ
1 − 𝑠 = 𝜆 is a fixed point) will be automorphic. Thus, for example, for the

substitution −𝑧 + 1 we have the automorphic system

(𝑧 − 1
2) 𝑑𝑥𝑘

𝑑𝑧 =
𝑛

∑
𝑙=1

𝑅𝑘𝑙 (𝑧, 1
𝑧 , 1 − 𝑧, 1

1 − 𝑧 , 𝑧 − 1
𝑧 , 𝑧

𝑧 − 1) 𝑥𝑙.

The function 𝜎 for a substitution with one finite fixed point has the form:

𝜎(𝑧) = ln(𝑧 − 𝜆)
ln 𝑠 . (20)

In the case of two finite fixed points we construct the function

𝜈(𝑧) = (𝑧 − 𝜆1)(𝑧 − 𝜆2),

𝜆1,2 = 1
2𝑔 (𝑒 − ℎ ± √(𝑒 − ℎ)2 + 4𝑓𝑔) . (21)

From the structure of the function 𝜈(𝑧) it is seen that 𝜈(𝑇 ) = 𝜈(𝑧)/(𝑔𝑧 + ℎ)2.
In accordance with this, we find the automorphic system

𝜈(𝑧)𝑑𝑥𝑘
𝑑𝑧 =

𝑛
∑
𝑙=1

𝑈𝑘𝑙(𝑧)𝑥𝑙, (22)

where 𝑈𝑘𝑙 are automorphic functions with the given substitution. Simple calcu-
lations show that, for the solutions of the automorphic system (22), the function
𝜎 has the form:

𝜎(𝑧) =
ln 𝑧 − 𝜆1

𝑧 − 𝜆2

ln 𝑒 − 𝜆1𝑔
𝑒 − 𝜆2𝑔

. (23)
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Thus, the question of the structure both of automorphic systems and of their
solutions is constructively resolved completely.

Central Asian State University
named after V. I. Lenin

Received
25 XI 1957
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